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Abstract: We investigate both experimentally and theoretically the
mechanisms driving the co-filamentation of two ultrashort laser pulses at
800 and 400 nm in Argon. The cross-Kerr lens and cross-phase modulation
between the two filaments of different colors bridging both the continuum
spectra and the plasma channels induced by the individual pulses. This
dual-color filamentation also results in the simultaneous generation of two
few-cycle pulses at both 800 and 400 nm, providing a potential way to
generate attosecond pulses.
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1. Introduction

Strong interest has been recently devoted to few-cycle pulses (FCP) generation for their prop-
erties in both the spectral and time domains. In the time domain, their very short duration can
be used to generate high harmonics in rare gases, a step to produce XUV attosecond pulses in
order to probe, with attosecond time resolution, phenomena [1, 2, 3] such as coherent mole-
cular dynamics or Rydberg orbital motion. In the Fourier reciprocal space, their octave-broad
spectrum can be used in spectroscopy [4] or white-light Lidar applications [5].

Filamentation [6, 7, 8], resulting from the dynamic balance between Kerr self-focusing and
defocusing on laser-induced plasma, is now recognized as an efficient way to produce such
ultrashort pulses [9, 10, 11, 12, 13, 14, 15, 16, 17]. Moreover, filament-based experiments do
not need fine alignment as is the case of capillary-based setups.

Up to now, both experimental and theoretical investigations have focused on filamentation
in the infrared (800 nm) and ultraviolet (248 nm) regions [6, 7, 8, 15, 18, 19]. However, recent
results showed that filamentation of 400 nm pulses in Argon can also produce a very broad
spectrum [20]. Unfortunately, filamentation at 400 nm yields a limited energy on the wings of
the continuum induced by self-phase modulation (SPM) [21], which restricts the theoretical
minimum pulse duration achievable by this method.

A great deal of effort has been devoted to the control of the plasma channel and the white-
light generated during filamentation [8]. Chirp [22], energy, beam size and shape [23], ellipticity
[24], spectral and spatial shaping [25, 26] have been investigated. Recently, another way to con-
trol filamentation has been proposed theoretically: the two-color filamentation, or conditional
femtosecond pulse collapse [27] for white-light and plasma delivery to a controlled distance.
Launching 600 nm and 800 nm pulses with an adequate time-delay, and a power just below the
critical power allows, with the help of air dispersion, to control the location of the filamentation
onset.

Such two-color dual filamentation approach could also overcome the limited energy on the
wings of the white-light continuum. By combining two pulses with different central wavelength
(e.g. 800 nm and 400 nm) in a gas-filled hollow core fiber, the interplay of both XPM and SPM
results in a broader spectrum than SPM alone [21, 28]. Two-color filamentation was also used
to generate ultrashort deep-ultraviolet (200 nm and 266 nm) [9] or mid-infrared pulses [13] by
four-wave mixing (FWM). These processes are very efficient because both pulses are clamped
to intensities as high as 5.1013 W.cm−2 over several Rayleigh lengths. Moreover, the use of two
single-cycle pulses, at frequencies ω and 2ω can enhance the generation of high harmonics, as
compared to a single pulse [1, 29, 30, 31, 32]. Simultaneously generating single-cycle pulses
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at both 800 nm and 400 nm is therefore particularly promising for attosecond and high-field
physics.

In this paper, we study both experimentally and theoretically two-color (800 nm and 400 nm)
filamentation in Argon. We show that an adequate time-delay results in co-filamentation of
the two pulses, yielding a single, strongly broadened spectrum and opening the way to the
simultaneous generation of 400 nm and 800 nm FCP. Moreover, the two-color co-filamentation
generates a much longer connected plasma channel than that generated by each of the filaments
individually, which could be useful to trigger and control high voltage discharges.

2. Materials and methods

2.1. Experimental setup

Adjustable DelayFilaments

Lens (f=1m)

Lens (f=1m)

HWP

Spectrometer

Adjustable pressure

Argon cell

CPA TiSa 800 nm 1 kHz 2.5 mJ 30 fs

1 mJ 100 fs150 µJ 100 fs

Diaphragm

BlueRed

DCM

DCM

2 cm

      BBO
SHG crystal

Fig. 1. Experimental setup. DCM: Dichroic mirror. HWP: Half-waveplate.

The experimental setup is shown in Fig. 1. A Ti:Sa amplifier system (Hidra, Coherent Inc.),
delivers 2.5 mJ (stability: 0.5 % rms), 800 nm pulses at a 1 kHz repetition rate. The seed
pulse is shaped by a Dazzler in order to shorten the output pulse down to 30 f s. The beam is
frequency-doubled to 400 nm using a 0.5 mm thick BBO crystal, providing a typical output
energy of 150− 300 μJ. The remaining NIR (labeled as beam ”R”, about 1 mJ) and the blue
(”B”) pulses are separated by a dichroic mirror (DCM). The R polarization is rotated by a
zero-order waveplate (WP) and its delay relative to B is adjusted by a delay line, after which
the two beams are recombined with another DCM (DCM2). Then, the two collinear beams are
focused by a f = 1 m lens in a 2 m long cell filled with 2 bar Argon. We determined the zero-
delay between both pulses by optimizing the sum-frequency generation at 266 nm in a 200 μm
thick BBO crystal. When either of the two pulses propagates into the cell, a single plasma
channel of 2.5 cm length is generated. Such short channel may stem from the moderate initial
beam quality, in both the temporal and spatial dimensions. However, as in particular numerical
simulations below will show, the actual filaments are longer than the 2.5 cm-long section where
the electron density is sufficient to be observed visually, up to beyond 10 cm. As expected
from the Marburger formula [33] considering the lens longitudinal chromatic abberation, the
B and R filaments start at zB = 90 cm and zR = 97 cm, respectively, z being the propagation
distance. The two beams are then collimated at the cell exit by a f = 1 m lens. The core (4 mm
in diameter) of the beams are redirected to a spectrometer (Ocean Optics, HR4000, 0.5 nm
resolution). Besides, the plasma channels are characterized by side images recorded with a
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RGB color-frame digital camera (Nikon D80), with a resolution of about 30 μm. The signal
was averaged over 3 s, corresponding to 3000 laser pulses. We checked that the collected light
was unpolarized and shows no axial dependance, which excludes both Rayleigh scattering and
third-order susceptibility processes, and warrants that only the plasma fluorescence is recorded.
To avoid scattered light from either the R or the B filaments, we considered the green layer
(450−600 nm) of the RGB pictures, where several fluorescence emission lines of nitrogen are
present, although the main fluorescence signal is in the 650−950 nm range [34].

2.2. Numerical methods

The high intensity within the filaments, as well as their reduced transverse dimension
(� 100 μm) prevent in-situ measurements. To get insight into the highly non-linear co-
filamentation process beyond the experimentally available data, we developed a numerical
model aimed at reproducing the actual experimental conditions as closely as possible.

More precisely, we consider two collinearly polarized incident electric fields at λ b = 400 nm
and λr = 800 nm with cylindrical symmetry around the propagation axis z. They write
ℜe{εi exp[i(kiz−ωit)]}, where ki=

2πni
λi

and ωi = 2πc
λi

(i = R,B) are the carrier wave number
and the frequency, in the slowly varying envelope approximation [35]. This separation of the
R and B radiations is acceptable as long as their spectra do not overlap [36]. Each field is
propagated within a classical non-linear Schrödinger equation (NLSE) [7], while their interac-
tion occurs through cross-phase modulation (XPM). We therefore, neglect all phenomena such
as 2ωb ±ωr, 2ωr ±ωb, as well as higher order processes. The two scalar envelopes evolve
according to the coupled propagation equations (1-2):

∂zεB =
i

2kB
�2

⊥εB− i
k′′B
2

∂ 2
t εB − iΔ 1

v
∂tεB +

ikB
nB

(
n2B |εB|2 + ncross|εR|2

)
εB (1)

− ikB
2n2

BρcB
ρεB− 1

2
σ0ρεB−

β
KB
B
2

|εB|2KB−2 εB

∂zεR =
i

2kR
�2

⊥εR − i
k′′R
2

∂ 2
t εR +

ikR
nR

(n2R |εR|2 + ncross|εB|2)εR (2)

− ikR
2n2

RρcR
ρεR− 1

2
σRρεR−

β
KR
R
2

|εR|2KR−2 εR

where t refers to the retarded time in the reference frame of the 800 nm pulse t → t − z
vgR

with vgR = ∂ω
∂k |ωR corresponding to the group velocity of the 800 nm carrier envelope. The terms

on the right-hand side of Eq. 1 account for spatial diffraction, second order dispersion, tempo-
ral walkoff due to the group-velocity dispersion of the two envelopes, instantaneous self and
cross Kerr effects, plasma defocusing and absorption, respectively (Table 1). The Kerr response
of Argon is assumed to be instantaneous [6]. In (1), Δ 1

v
= 1

vgB
− 1

vgR
is the walkoff constant

and ρci = ωimeε0
q2

e
corresponds to the critical plasma density above which the plasma becomes

opaque. In addition, the constant σ i = kie
2

ωmε0

τ
1+(ωτ)2 denotes the cross-section for electron-

neutral inverse bremsstrahlung (τ is the electron-atom relaxation time) and β Ki
i corresponds to

the coefficient of multiphoton absorption, Ki being the minimal number of photons necessary to
ionize Argon. This quantity is calculated as Ki = mod( U

h̄ωi
)+1 (KR = 11 and KB = 6), where U
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is the ionization potential of Argon (U = 15.76 eV [37]). β Ki is expressed as β Ki = Kih̄ωiρatσKi

where ρat is the Argon density and σKi is the multiphoton ionization cross section.

The dynamic of the electric field is coupled with the plasma density ρ by the multiphoton
ionization. Hence, the plasma density ρ follows the equation:

∂tρ = ( ∑
l=B,R

σKl |εl |2Kl )
(

1− ρ
ρat

)
+

1
U ∑

l=B,R
σlρ |εl|2 −αρ2 (3)

where α is the recombination time constant.

Table 1. Physical parameters used in the model (p accounts for the relative gas pressure:
p = P

1bar )

λB = 400 nm λR = 800 nm
k′′ ( f s2.cm−1) 0.49p [38] 0.21p
n2 (m2W−1) 4.9.p 10−23 [39] 3.2.p 10−23

ncross (m2W−1) 1.p 10−23

K 6 11
β K (m2K−3W 1−K) 1.95.p 10−88 3.32.p 10−176

σK (s−1cm2KW−K) 2.79.p 10−72 [6] 5.06.p 10−140

σ(1bar) (m2) 2.53 10−24 1.01 10−23

ρc (m−3) 6.4 1027 1.74 1027

α (m−3s−1) 7 10−13 [40]
τ (s) 1.9 10−13 p−1 [41]

Table 2. Input parameters used in the model. The different focal length for the 800 nm (R)
and 400 nm (B) pulses account for longitudinal chromatic aberration of the focusing length
used in the experiments.

λB = 400 nm λR = 800 nm
Energy (mJ) 0.150 1
ΔtFW HM ( f s) 50 30

σr(mm) 6 6
Chirp ( f s2) −100 −330

f (m) 1 1.04
Pressure (bar) 2

The initial conditions are chosen to match the experimental parameters, as summarized in Ta-
ble 2. We chose an initial plasma density of 109e−.cm−3 [42]. The input electric field envelopes
are modeled in focused geometry by two Gaussian profiles with input power Pini as

εi(r,t,0) =

√
2Pini

πσ2
ri

· exp

(
− r2

σ2
ri

− t2

τ2
i

+ i
kir2

2 fi

)
(4)
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where σri is the intensity quadratic radius, τi = ΔtFW HM/(
√

2ln(2)) and fi is the focal length
of the λi pulse. Both the initial delay imposed between the two pulses and the linear chirp of
the pulses are set in the frequency space:

εR(r,ω ,0) → εB(r,ω ,0) · exp(iωΔt) · exp(iC2
Bω2) (5)

εR(r,ω ,0) → εR(r,ω ,0) · exp(iC2
Rω2) (6)

.
Here, Δt represents the time delay between the two pulses, CB (CR) is the linear chirp para-

meter of the initial λB (λR) pulse.
The above equations have been integrated with a Fourier Split-Step scheme in which all the

linear terms are computed in the Fourier space over a half-step while the nonlinear terms are
directly computed in the physical space over a second half-step using a Runge-Kutta procedure.
To integrate the linear terms of the equation along the z axis, i.e. diffraction and dispersion, we
used a fully implicit scheme [43], more stable than the Euler method [44]. On the other hand,
for the plasma Eq. (3), an Euler scheme is sufficiently robust. Adaptive steps were used in both
the spatial transverse and longitudinal dimensions. The temporal and spatial resolutions at the
filament location were 0.25 f s and 1.5 μm, respectively. We checked that increasing the 2D
grid resolution does not influence the final results.

3. Results and discussion

3.1. Spectral bridging by co-filamentation

450400350

-100 

-50 
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50 

100 

350 400 450

−100

−50

0

50

100

Ti
m

e 
de

la
y 

(fs
)

Wavelength (nm) Wavelength (nm)

a) b)
Experiments Simulations

B  alone B  alone

Fig. 2. 400 nm pulse spectrum as function of the relative delay between the pulses centered
at 400 nm and 800 nm. The time delay is positive when the NIR pulse (R) is launched after
the blue one (B). The spectrum at the bottom of each series corresponds to the B pulse
alone. (a) Experimental results, integrated over 4 mm diameter; (b) Numerical simulations.
The broader numerical spectrum stems from the consideration of the filament center only,
where the broadening is strongest, as well as the non-perfect temporal and spatial profiles
of the experimental pulse

When one of the beams propagates independently, spectral broadening is only due to SPM
and, to a lesser extend, to the plasma-induced nonlinear phase shift. In the case of dual-color co-
filamentation, additional XPM-induced nonlinear phase shift broadens the continuum. Figure 2
displays both the experimental and the theoretical spectrum of the B filament output spectrum
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as a function of the delay with the R pulse. A fine delay tuning allows to control the shape of
the blue spectrum output. The numerical results agree qualitatively with the experimental ones,
except for the spectral width of the continuum. The simulated spectral broadening critically de-
pends on the delay between the two pulses, as is the case for the experimental data. Comparable
delays also yield the same relative broadening. The difference in the absolute spectral width is
due to the fact that the experimental data integrate the spectrum over a 4 mm wide region,
while the numerical results consider the spectrum in the filament center, where the broadening
is strongest. The presence of a pre-pulse in the experiment [17] and an unperfect transverse
intensity profile may also contribute to this difference.

The numerical simulations also reproduce well the shape and central wavelength of the B
spectrum when the delay between both pulses is varied. Launching R 50 fs (i.e., a delay com-
parable with the pulse duration) before (resp. after) B enhances the red (resp. blue) part of B.
This can be qualitatively understood by considering that the instantaneous frequency in a χ (3)

medium is approximately ω(t) = ω0 − n2∗z
c

∂ I
∂ t with n2 > 0 in Argon so that the spectrum is

shifted towards the blue (resp. red) in the trailing (resp. leading) edge of the pulse, when dI/dt
is negative (resp. positive). Depending on the sign of the delay, either the leading or trailing
part of the considered pulse interacts with the other pulse, resulting in a selective enhancement
of the corresponding spectrum side.
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Fig. 3. (a) Experimentally observed influence of co-filamentation on the output spectrum of
the supercontinuum. Co-filamentation broadens individual continuum spectra, especially in
the blue region, and connects them into a continuum spanning 2 octaves ( 200 nm - 800 nm).
The peak at 266 nm originates from the χ(3) mixing 1

266 = 1
400 + 1

400 − 1
800

Figure 3 displays the full experimental spectrum of the B and R pulses, as well as that of the
connected continuum generated by the co-propagation of the B and R with a perfect temporal
overlap (0 f s delay). Besides broadening the continuum around the B and R wavelengths, it
also bridges those two continua into a single continuous spectrum spanning over two octaves,
which raises the expectation that the corresponding pulses may be as short as 1.4 f s FWHM.
Co-propagation also results in a peak at 266 nm, which is not generated by any of the filaments
alone (therefore excluding third harmonic generation by the R pulse), originating from the χ (3)
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mixing 1
266 = 1

400 + 1
400 − 1

800 [9]. This mixing process even enhances the spectral broadening
down to at least 240 nm, limited by the spectral range of the detection.

3.2. Bridging of plasma channels by co-filamentation

When the laser intensity exceeds a few 1012 W.cm−2, Argon ionizes. The resulting plasma sta-
bilizes the filaments in a dynamic balance with the Kerr effect. Moreover, the plasma decreases
the local medium resistivity, which is of high importance to control high-voltage discharges
[45] or lightning [46]. Long, highly conductive plasma ”wires” are therefore highly desirable
in order to increase the triggering and guiding efficiency of the filaments.
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the two plasma channel are concatenated and form a longer plasma channel without any
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Theoretical on-axis plasma channel density for both individual filaments, co-propagating
filaments, and collinear filaments without cross-Kerr coupling.

Figure 4(a) depicts the qualitative profile of the electron density as a function of the propa-
gation distance, for several delays between the R and B filaments. As long as the pulses do
not temporally overlap, the resulting plasma density is the sum of the contributions of the
two pulses propagating individually, with two 2.5 cm long plasma channels, separated by a
2 cm long non-ionized (therefore, isolating) region. When the pulses overlap, the two plasma
columns do not only connect, but the gap between them is filled by a continuous plasma chan-
nel. In other words, co-filamentation bridges the individual plasma channels into a 9 cm long
channel, corresponding to a 3.6-fold increase of the length as compared with the individual
filaments. It is indeed remarkable that this bridging is obtained by the addition of the B, which
accounts for only 13 % of the overall energy involved in the experiment. The same lever ef-
fect is observed in the numerical simulations (Fig. 4(b)). It results in a decrease of the filament
resistivity between z1 = 0.9 m and z2 = 1.07 m, which is proportional to

∫ z2
z1

1/ρ(z)dz: The co-
filamentation reduces this resistivity by a factor 6, as compared to the independent propagation
of the individual pulses, i.e. when they do not temporally overlap. Such situation contrasts with
the concatenation of two plasma channels generated by two collinear 800 nm pulses of similar
4 mJ pulse energy [47]. In the latter case, an electrical connection is achieved between two
filaments, but the end of the first filament is located very close to the onset of the second one.
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The resulting doubling of the electrically connected plasma channel length therefore appears as
a straightforward effect of the double available energy, rather than of a non-linear interaction
between two co-filamenting pulses.

Partial temporal overlap results in intermediate results. The addition of R behaves as a sup-
plementary energy reservoir [48] and yields an additional cross-Kerr focusing which shifts the
onset of the B filaments toward the laser source. Reciprocally, B contributes to focusing R, but
its plasma also defocuses and absorbs R. The outcome of these opposite effects depends on the
sign of the delay between the pulses. If R is launched after B, the plasma left behind by B tends
to defocus the R pulse, so that the R filament starts later and has a lower plasma density. On the
opposite, if R is launched before B, the cross-Kerr focusing dominates. The resulting plasma
channel is more intense and shifts upstream. Therefore, the plasma channel length, density and
location can be controlled by adjusting the time delay between the two pulses.

To further demonstrate the contribution of the non-linear coupling between the co-
filamenting pulses, we performed the same experiment with two pulses of orthogonal polar-
ization. Such configuration resulted in a much weaker coupling than between pulses with par-
allel polarization. This weaker coupling stems from the fact that the non-diagonal terms of the
third-order susceptibility χ (3) tensor amount to one third of the value of the diagonal ones. As
a consequence, co-filamentation is much less efficient for pulses of orthogonal polarization,
in contrast to the concatenation of plasma channels generated by two collinear 800 nm pulses
[47], which is independent from the relative polarization of the two pulses [50]. The key role of
non-linear coupling between the co-filamenting pulses is also demonstrated by the fact that the
numerical simulations do not need to include two-color multiphoton ionization to reproduce
the experimentally observed bridging of the plasma channels. On the other hand, setting the
non-linear interaction term to zero in the simulations leads to the disappearance of the bridging
(see dotted line in Fig. 4(b)).

The need for a non-linear coupling between the two co-filamenting pulses sets the upper
limit to the non-ionized gaps that may be bridged by co-filamentation. Such coupling requires
a simultaneous high intensity of both the R and B pulses, colocated in the non-ionized gap
region. Therefore, gaps much longer than the length of the individual filaments will not be able
to be bridged by co-filamentation.

3.3. Spatio-temporal dynamics of copropagation

To get a better insight on the physics of co-filamentation, we simulated the temporal and trans-
verse intensity mappings, which exhibit rich spatio-temporal deformations in the course of this
dual-color process. Figs. 5 and 6 display the R (resp. B) calculated intensity as a function of
time and radial location, for several propagation distances. In both figures, the first column cor-
responds to the filamentation of a single color pulse, while the second shows the result of the
co-filamentation process. The initial delay between the two pulses is set to 10 f s (i.e., the B pre-
cedes the R pulse by 10 fs). These simulations show in particular that the R filament diameter
is larger than that of B (250 μm vs. 30 μm), so that the latter is submitted to cross-Kerr effect
on a fraction of its cross-section only, while the full B filament is influenced by the R one. This
difference in diameters therefore explains why R is more affected than B by co-filamentation,
from the points of view of both the continuum spectrum and the plasma channels length and
position.

The mechanism of co-filament-assisted spectral broadening of B is also well illustrated by
the simulations. When the B intensity reaches the multiphoton ionization threshold, the R pulse
core is both absorbed by multiphoton absorption and diffracted by the plasma. The cross-Kerr
lens generated by the blue filament shifts the R focus upstream. Then (z = 96 cm), if R is not
present, B filament intensity decreases because of both plasma absorption and group-velocity
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Fig. 5. One- or two-color filamentation dynamic for the 400 nm (B) pulse. Left: B intensity
for several distances when propagating alone. Right: B intensity for the same distances
when the R filament copropagates

dispersion. B then splits in the time domain [49] and its spectrum significantly broadens. Con-
versely, if the R pulse is present, the spiky blue pulse experiences more nonlinear phase shift
due to the combined effects of XPM and the plasma blue shift, which broadens the spectrum.
The shape of the resulting continuum depends on the delay between the two pulses and deter-
mines which of the spikes in the B pulse experiences the R-induced phase shift.

As could be expected from the width of the spectrum corresponding to the co-propagating
pulses (Fig. 3), co-filamentation even leads to the formation of almost FCP (about
10 f s FWHM for both pulses, see Figs. 5 and 6 at z = 120 cm) without requiring the pulse
post-processing which is usually needed when generating FCP by filamentation [14]. More-
over, in view of attosecond pulse generation, the simultaneous availability of both R and B
FCP could help the generation of such XUV pulses.

Further optimization of the co-filamentation may be obtained in the future by investigating
the effect of the gas type and pressure. Also, atmospheric applications can reasonably be envi-
sioned since the filamentation conditions in Argon are, to the first order, comparable to those
of air, and the pressure investigated in the present work, namely 2 bars, is of the same order of
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Fig. 6. One- or two-color filamentation dynamic for the R pulse. Left: R intensity for sev-
eral distances when propagating alone. Right: R intensity for the same distances when the
B filament copropagates

magnitude as the atmospheric pressure. However, if considering long-distance propagation and
high-energy beams, the influence of the modulational instability of already multifilamenting
beam onto the interaction between the two pulses will have to be investigated. The correspond-
ing expectedly very rich physics is however beyond the scope of the present paper.

4. Conclusion

We investigated both experimentally and theoretically the two-color co-filamentation of ultra-
short laser pulses at 400 nm (B) and 800 nm (R). Temporally overlapping the two pulses bridges
their two filaments. It results in both a spectacular enhancement of the spectral broadening over
two octaves, and a connected plasma more than 3 times longer than the initial ones. Moreover,
the generation of twin almost-few-cycle pulses at both B and R could provide an elegant way to
produce attosecond pulses generation without any post-processing such as chirp compensation
or phase shaping. The pulses with extremely broad spectra could also be used for the coherent
control of states spanning over a large energy interval[4]. The extended plasma channel length
could also be useful for the control of high-voltage discharges and lightning [46].
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