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Abstract. The critical intensity inside plasma filaments gen-
erated in air by high-power, ultra-short laser pulses is esti-
mated analytically and compared to recent experimental data.
The result,Icrit ≈ 4×1013 W/cm2, is highly relevant for at-
mospheric applications.

PACS: 42.50.H; 42.68; 42.65.R

When propagating in air, high-power femtosecond laser
pulses produce self-guided high-intensity plasma fila-
ments, [1–4] the diameter of which could be as small as
100µm. These filaments are due to a balance between Kerr
self-focusing, and defocusing due to the plasma generated
inside the filament. Due to the small value of the nonlinear re-
fractive index of air (n2 = 3×1019 cm2/W), the equilibrium
is reached for low plasma densities [5]. A precise description
of the filamentation process would need more experimental
data relating to parameters such as the intensity inside the
filament. Such data would also be useful for atmospheric ap-
plications such as lightning control [6] or Lidar [7, 8].

However, due to the very high intensities inside in the fil-
aments (at least 1013 W/cm2), direct measurements are not
possible because any device used for that purpose, whether
a detector, a reflector or an attenuator, would be damaged.
Therefore, only indirect measurements may be performed.

In this short note, we provide an estimation of the in-
tensity inside a filament generated in air by a femtosecond
laser pulse, based on recent experimental data obtained by
Talebpour et al. [9]. It is well known [10] that the pulse self-
focuses until photoionization sets in. Although the detailed
propagation dynamics of the pulse may be quite complicated,
its propagation and filamentation is dictated by an equilib-
rium between the focusing Kerr effect and defocusing multi-
photon/tunnel ionization. (In the following, the word ion-
ization will be used alone whenever possible for simplicity).
It may be shown that diffraction may, to the first approxi-
mation, be neglected. We also neglect all non-instantaneous
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contributions to nonlinearity, and we shall average all relevant
quantities over the whole pulse. Consequently, we obtain a fil-
ament whose size and intensity are determined by the follow-
ing equation, which is a balance between Kerr self-focusing
∆nKerr(neutral) and defocusing∆n(plasma) contributions to
the nonlinear index of refraction [1]:

∆nKerr(neutral) ≈ ∆n(plasma) (1)

Both changes in the indices of refraction depend on the laser
intensityI :

n2 × I ≈ Ne(I)/2Ncrit (2)

In this expression,n2 is the Kerr nonlinear index of refrac-
tion of the propagation medium,Ncrit = ε0 × m ×ω2/e2 is
the critical plasma density, withm being the mass of elec-
tron, ω the laser angular frequency, ande the elementary
charge.Ncrit = 1.7×1021 cm−3 for a titanium–sapphire laser
with a central wavelength of 800 nm. The electron densityNe
is given by ionization:

dNe(z, t)/dt = R(I)× N(z) (3)

where N(z) is the density of neutrals as a function of the
propagation distancez, and R(I) is the ionization rate. The
results of Talepbour et al. [9] exhibit an effective power law
dependence of ionization as a function of intensity. This leads
us to writeR as:

R(I) = RT × (I/IT)α (4)

where RT and IT are a pair of experimental values used as
a reference point. They can be estimated for nitrogen and
oxygen from the ionization data shown in Fig. 1, adapted
from [9]. We choseIT,O2 = IT,N2 = IT = 1013 W/cm2. The
corresponding ionization rates areRT,N2 = 2.5×104 s−1 and
RT,O2 = 2.8×106 s−1, respectively. A linear fit of the curves
gives the slopesαN2 ≈ 7.5 for nitrogen andαO2 ≈ 6.5 for oxy-
gen for intensitiesI < 1014 W/cm2. These values are lower
than those expected from the number of photons needed for
multiphoton ionization, which are 11 and 8 respectively for
nitrogen and oxygen at a wavelength of 800 nm, which is
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Fig. 1. Tunnel ionization rate of N2 and O2 molecules as a function of laser
intensity, as calculated using the PPT model by Talepbour et al. [9]

an indication of the occurrence of tunnel ionization [11]. We
should point out that the ionization rates of oxygen are not
much higher than those of nitrogen, even though the ion-
ization potential of oxygen (12.1 eV) is lower than that of
nitrogen (15.6 eV) [9]. This is explained by Muth-Böhm et
al. [12] as being due to the nature of electron orbitals in
the two molecules. In oxygen, with an anti-bonding orbital,
electron waves ionized from the two nuclear sites interfere de-
structively, leading to a significant reduction (suppression) of
the ionization probability. In nitrogen, with a bonding orbital,
electron waves ionized from the two nuclear sites interfere
constructively. Consequently, the probability of ionization is
high. As such, in our estimation, we have to keep the contri-
butions to ionization from both O2 and N2, and cannot totally
neglect the contribution of N2.

As long as the pulse duration remains shorter than the
typical collision time in air, which is about 1 ps in standard
conditions, only tunnel/multiphoton ionization occurs, and
collisional ionization may be neglected. The treatment of O2
and N2 can therefore be decoupled. Equation (3) thus be-
comes:

dNe(z, t)/dt = dNe,N2(z, t)/dt +dNe,O2(z, t)/dt

dNe(z, t)/dt = NN2(z)× RT,N2 × (I/IT)αN2

+ NO2(z)× RT,O2 × (I/IT)αO2 (5)

Here, NN2(z) = 0.78× Nair(z) and NO2(z) = 0.21× Nair(z)
are the number densities of N2 and O2 molecules in air,
respectively. At atmospheric pressure, this corresponds to
NN2(z) = 2×1019 cm−3 and NO2(z) = 5×1018 cm−3, re-
spectively. The relative contribution of both terms, i.e.
(dNe,N2(z, t)/dt)/(dNe(z, t)/dt) and (dNe,O2(z, t)/dt)/
(dNe(z, t)/dt) as a function of the incident laser intensity
using (5) is shown in Fig. 2. Both terms have the same order
of magnitude in the intensity range of interest, and their
relative contribution to ionization cross each other around
1014 W/cm2. This means that in the general case the contri-
butions of both O2 and N2 have to be taken into account. The
electron density is therefore estimated from (5):

Ne = [
RN2(I)× NN2(z)+ RO2(I)× NO2(z)

]× τI (6)

where τI is a characteristic ionization time which is on
the order of the laser pulse duration. If we neglect the

Fig. 2. Relative ion densities from O2 and N2 with respect to the total num-
ber of ions in a laser-generated plasma in air, as a function of the laser
intensity after data from [9]. The small dips in the curves are due to dy-
namic resonances in the ionization process [18]

z-dependence ofN and consider it as a constant, the lowest
intensity, or critical intensityIcrit, needed to maintain a fila-
ment is the solution of (2):

n2 × Icrit = τI

2× Ncrit(
NN2 × RT,N2 × (Icrit/IT)αN2 + NO2 × RT,O2 × (Icrit/IT)αO2

)

(7)

This equation cannot be solved analytically. For our parame-
ters, withτI = 100 fs, a numerical solution taking into account
both N2 and O2 gives Icrit = 4×1013 W/cm2. At this inten-
sity, Fig. 2 shows that oxygen accounts for more than 80% of
the overall plasma. This value is in good agreement with the
value ofI = 4.5×1013 W/cm2 estimated by Lange et al. [13]
from the higher harmonics pattern.

Alternatively, we can estimate the intensity in the filament
by the following observation. The electron density measured
by several groups [5, 14–17] has a wide range of values,
ranging from 1012 cm−3 [14] to 3×1016 cm−3 [15]. How-
ever, these discrepancies can be explained by the different
experimental conditions. In the case of Schillinger et al. [14],
the density was averaged over a section with a diameter of
11 mm, containing 10− 20 filaments. Taking into account
the fact that the plasma is only to be found in the filament,
the equivalent plasma density inside the filaments is in the
order of 5×1014 cm−3. The results of Tzortzakis et al. [15]
could have been overestimated because they have measured
relatively near the focal point of their focusing lens. There-
fore, a reasonable range for the free electron density pro-
duced by high power ultra-short laser pulses in air is about
1014–1015 cm−3, corresponding to probabilities of ionization
of the order of 10−5–10−4. We can reasonably assume that
the focal volume is approximately constant in the filament,
and that saturation of the ionization in Figs. 1 and 2 of [9]
corresponds to a full ionization of the gases. Therefore an ion-
ization probability of 10−5–10−4 corresponds to an intensity
of the order of 4–6×1013 W/cm2 for oxygen as well as for
nitrogen. This is in good agreement with the critical intensity
calculated above. Due to the highα value for both N2 and O2,
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even considerable differences in the measured plasma density
will not affect the inferred critical intensity substantially.

In conclusion, we have estimated the critical laser inten-
sity in the filaments of intense Ti:Saphire laser pulses propa-
gating in the atmosphere by two independent methods. Both
methods agree with each other and give an intensity in the
order of 4×1013 W/cm2. This result is highly relevant for
the study of the propagation of high-power femtosecond laser
pulses in air, from a fundamental point of view as well for
atmospheric applications such as laser lightning and Lidar.

Acknowledgements. S.L. Chin would like to acknowledge the Alexander von
Humboldt Foundation for the Humboldt Research Award and the Friedrich
Schiller University of Jena for their hospitality in hosting him in the
Institute of Optics and Quantum Electronics. J. Kasparian acknowledges fi-
nancial support of the Deutsche Forschung Gemeinschaft in the framework
of the French-German project “Teramobile” (CNRS/DFG).

References

1. A. Braun, G. Korn, X. Liu, D. Du, J. Squier, G. Mourou: Opt. Lett.20,
73 (1995)

2. E.T.J. Nibbering, P.F. Curley, G. Grillon, B.S. Prade, M.A. Franco,
F. Salin, A. Mysyrowicz: Opt. Lett.21, 62 (1996)

3. A. Brodeur, C.Y. Chien, F.A. Ilkov, S.L. Chin, O.G. Koserava, V.P. Kan-
didov: Opt. Lett.22, 304 (1997)

4. M. Mlejnek, E.M. Wright, J.V. Moloney: Opt. Lett.23, 382 (1998)
5. A. Talebpour, A. Abdel-Fattah, S.L. Chin: Opt. Commun.183, 479

(2000)
6. X.M. Xhao, J.-C. Diels, C.Y. Wang, J.M. Elizondo: IEEE J. Quantum

Electron.31, 599 (1998)
7. P. Rairoux, H. Schillinger, S. Niedermeier, M. Rodriguez, F. Ron-

neberger, R. Sauerbrey, B. Stein, D. Waite, C. Wedekind, H. Wille,
L. Wöste: Appl. Phys. B71, 573 (2000)

8. L. Wöste, C. Wedekind, H. Wille, P. Rairoux, B. Stein, S. Nikolov, Chr.
Werner, S. Niedermeier, H. Schillinger, R. Sauerbrey: Laser Optoelek-
tronik 29, 51 (1997)

9. A. Talepbour, J. Yang, S.L. Chin: Opt. Commun.163, 29 (1999) Note
that a typographical error in the vertical axis of Fig. (1) of this paper
results in reducing the plotted ionization rate of nitrogen by a factor of
10. This has been corrected in the present paper.

10. Y.R. Shen:The principles of nonlinear optics (Wiley, New York 1984)
11. S.L. Chin, F. Yergea, P. Lavigne: J. Phys. B18, L213 (1985)
12. J. Muth-Böhm, A. Becker, F. Faisal: Phys. Rev. Lett.85, 2280 (2000)
13. H.R. Lange, A. Chiron, J.-F. Ripoche, A. Mysyrowicz, P. Berger,

P. Agostini: Phys. Rev. Lett.81, 1611 (1998)
14. H. Schillinger, R. Sauerbrey: Appl. Phys. B68, 753 (1999)
15. S. Tzortzakis, B. Prade, M. Franco, A. Mysyrowicz: Opt. Commun.

181, 123 (2000)
16. B. La Fontaine, F. Vidal, Z. Jiang, C.Y. Chien, D. Comtois,

A. Desparois, T.W. Johnston, J.-C. Kieffer, H. Pépin, H.P. Mercure:
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