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ABSTRACT A new ray-tracing scheme is proposed to simulate the non-linear propa-
gation of ultra-short pulses. The results are in good agreement with experimental data
and numerical solving of the non-linear Schrödinger equation in both the self-focusing
and the filamentation regions. In particular, they indicate a major contribution of the
‘photon bath’ in the self-guided propagation of ultra-short pulses. The model suggests
that a pure-Kerr self-guiding mode can allow filamentation without ionization.

PACS 42.65.Jx; 42.15.Dp

When they propagate in air, high-power,
ultra-short (femtosecond) laser pulses
can undergo a self-guided mode known
as filamentation [1]. This regime is
initiated above a critical power Pcr =
3.37λ2/(8πn2) (Pcr = 3 GW in air at
800 nm, with n2 = 3 ×10−23 m2/W),
when Kerr-lens self-focusing overcomes
diffraction. It results in one or several
filaments of about 100 µm in diam-
eter that propagate over distances much
longer than the Rayleigh length, up to
the kilometre range [2]. Filaments can
be characterized as transversely local-
ized structures in the beam, with a very
high, quasi-constant, intensity [3, 4],
which allows efficient self-phase mod-
ulation and generation of a broadband
white-light continuum spanning from
the UV [5] to the mid IR [6]. Ionization
of the air within the filament is gener-
ally considered to contribute to its self-
guiding by providing a stabilizing satu-
ration to counterbalance the Kerr effect
and prevent the beam from collapsing.
Ionization has been observed experi-
mentally [7–10] and accurately mod-
elled theoretically [11, 12], both in the
low-power (single-filamentation) and
high-power (multiple-filamentation)
regimes. However, its universal con-
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tribution to filamentation has recently
been challenged by several groups, and
ionization-free filamentation regimes
have been observed, e.g. in air at very
long distances with strongly chirped
pulses [13] and in water [14]. More-
over, a new propagation regime known
as X-waves has recently been demon-
strated in both LBO crystals [15] and
water [16].

The properties of the filaments
open exciting perspectives for applica-
tions [17] such as white-light lidar (light
detection and ranging) [18, 19] and laser
lightning control [20, 21]. Potential ap-
plications in turn stimulate the need for
a better characterization of the filament
propagation, as well as efficient mod-
elling over atmospheric scales, i.e. in the
km range. In particular, the filaments’
onset and length are key parameters for
spectroscopic measurements of atmo-
spheric compounds and for depositing
the desired intensities on remote tar-
gets. However, most numerical simula-
tions [22–25] require either unreason-
able computing times to get an insight
into the km-range propagation and/or
large beam apertures, or require particu-
lar conditions such as radial symmetry
or Gaussian beam envelopes.

Hence, there is a clear need for
a complementary approach towards
faster models for the simulation of the
propagation of ultra-short laser pulses
in air. Such a model should be able
to simulate the propagation over kilo-
metres within short computing times
of typically several minutes, compati-
ble with real-time analysis of e.g. lidar
measurements. Due to the complexity
of the underlying physics, which pre-
vents an exact calculation under these
conditions, phenomenological models
have to be developed. Shortly after self-
focusing was discovered [26, 27], sev-
eral groups [28–32] studied this phe-
nomenon using the geometrical op-
tics approximation. This approach al-
lowed them to analytically reproduce
the wavefront curvature and the beam
collapse at the non-linear focus. How-
ever, geometrical optics intrinsically
yields a divergence of the intensity value
at the non-linear focus as well as at
local hot spots within the beam profile
(e.g. in the case of multiple filamenta-
tion). Therefore, this approach is not
suitable to model subsequent filamenta-
tion. This limitation can be overcome by
explicitly tracing individual rays, as was
recently applied successfully to several
non-linear propagation problems such
as black holes or mirages [32]. How-
ever, contrary to these systems where
the refractive-index field is independent
of the incident light, Kerr-lens self-
focusing locally couples neighbour-
ing rays within the beam, through the
intensity-dependent (Kerr) index of re-
fraction (n = n0 +n2 I). Therefore, rays
cannot be propagated independently,
but must instead be considered simul-
taneously.

In this letter, we propose a three-
dimensional ray-tracing scheme suit-
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able for describing some features of the
propagation of high-power laser pulses
over long distances. An oversampling
of rays within the cells where the local
intensity is computed prevents the al-
gorithm from diverging when individ-
ual rays cross each other, allowing for
simulations beyond the non-linear fo-
cus. Therefore, this scheme is suited
to describe not only the self-focusing,
but also the filamentation region. How-
ever, compared with models solving
the non-linear Schrödinger equation
(NLSE), ray tracing is intrinsically
limited to a loose resolution because
transverse averaging must occur over
cross sections much larger than the
laser wavelength. The resolution is
therefore of the same order of magni-
tude as the filament diameter. There-
fore, our model does not provide a de-
tailed insight into the physical mechan-
isms within the filaments themselves,
as NLSE-based models do. Instead, it
aims at providing a phenomenologi-
cal, macroscopic description of some
features of non-linear, long-distance
propagation of laser pulses, such as
the position of the filamentation on-
set or the filamentation length, which
are required for applications. In that re-
gard, results of ray tracing are shown to
agree well with more accurate, wave-
propagation models solving the non-
linear Schrödinger equation.

Moreover, since diffraction is neg-
lected in geometrical optics, our model
is restricted to regimes where the Kerr
effect dominates diffraction, i.e. for
powers exceeding several critical pow-
ers. Besides providing a fast calcula-
tion without symmetry assumptions, ray
tracing provides a direct representation
of the ray propagation, yielding an in-
tuitive picture of the propagation and
self-focusing processes.

The simulations are conducted as
follows. The initial beam cross sec-
tion is sampled transversally into typ-
ically 120 × 120 cells, corresponding
to a resolution of less than 100 µm for
a cm-scale beam (e.g. 50 µm in the pre-
sented simulations). 100 rays, evenly
spread transversally, are launched from
each cell, each one bearing a power de-
termined by its position in the initial
beam profile. The initial spacing be-
tween the rays is one-tenth of the spatial
resolution, i.e. 5 µm in the presented
simulations. At each iteration, the inten-

sity profile is computed by summing the
power of all rays contained in each cell,
and used to compute the local non-linear
change of the refractive index ∆n(r) =
n2 I(r). This profile determination, rely-
ing on cells containing many filaments
each, prevents the calculation from di-
verging when two neighbouring rays
cross each other, as is the case in con-
ventional ray-tracing schemes [30, 31]
where the local intensity changes are
derived from the distance between adja-
cent rays. Therefore, it allows us to use
our algorithm beyond the onset of local
foci, as well as beyond the non-linear
focus, i.e. in the filamentation region.

Once the refractive-index profile is
determined, each ray is propagated over
the iteration distance dz (typically in
the mm to cm range) in the obtained
refractive-index gradients. The trajec-
tory of each ray within the iteration is
calculated analytically using the clas-
sical Fresnel (mirage) formula. The ar-
rival position of each ray is used as
the input to calculate the initial inten-
sity profile used for the next iteration.
As usual in geometrical optics, diffrac-
tion is not taken into account, and the
pulse is averaged temporally, assuming
a constant pulse duration. Multipho-
ton ionization is also neglected in our
simulations, as well as group-velocity
dispersion. To permit comparisons with
previously published calculations and
experiments, all the simulations pre-
sented here have been performed using
initially Gaussian beam profiles, with
the beam diameters defined at 1/e. Note

FIGURE 1 Propagation distance before the filamentation onset in the case of single filamentation

that the beam profile is not constrained
to stay Gaussian along the propagation,
and arbitrary initial profiles can be im-
plemented as well. Besides increasing
the versatility of the model, the uncon-
strained beam profile prevents the beam
from collapsing at a non-linear focus,
as is the case in many other ray-tracing
models [28–32].

We first checked our model by com-
puting the position of the onset of fil-
amentation. This distance is one of
the most critical parameters for appli-
cations, e.g. for the delivery of high
powers at remote locations [33]. In our
calculation, we defined it as the first
maximum of the on-axis intensity along
the propagation. Figure 1 shows this
non-linear focusing distance as a func-
tion of the power, for parameters typical
of the Teramobile system [34]: 330-mJ
pulses at 800 nm, with an initial Gaus-
sian beam of 1.5-cm radius at 1/e. The
power is varied by changing the pulse
duration. Our results compare well with
the widely used empirical Marburger
formula [35]. The discrepancy is less
than 20% for input powers above 10Pcr,
corresponding to powers at which the
Kerr effect dominates diffraction, which
is neglected in geometrical optics. This
agreement shows the validity of the ray-
tracing technique in the self-focusing
region.

However, our ray-tracing scheme
does not only provide a fast calculation
of the filament onset location. It also
offers an intuitive picture of the self-
focusing process, by displaying rays
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along their propagation. This can be
more illustrative than displaying e.g.
beam diameters, whose meaning can be-
come ambiguous as the beam profile
evolves during the propagation. Rays
may even cross each other. For example,
experiments as well as numerical sim-
ulations [36] with an initially Gaussian
beam profile provide evidence for the
formation of an intense ring during the
early stages of propagation. Filaments
later arise from the outer band of this
ring before merging into the centre of
the beam. As shown in Fig. 2, ray trac-
ing suggests a physical picture to under-
stand this effect. Due to the non-uniform
intensity profile (and hence refractive-
index gradient), some rays, which are
located in a region of higher gradient,
are focused more strongly than rays
located in more homogeneous regions
(see arrow 1 in Fig. 2) in the centre or on
the edge of the beam profile. Therefore,
the intensity decreases in the external
vicinity of these focused rays, which
further lowers the local intensity and can
yield a local refractive-index gradient
directed towards the outer region of the
beam. This outward-directed gradient
locally defocuses the rays propagating
in this region (see arrow 2 in Fig. 2),
until they reach a region of stronger
intensity and positive gradient, which
will focus them again (see arrow 3 in
Fig. 2). This transient defocusing effect,
due to the cross-(de)focusing of nearby

FIGURE 2 Ray-tracing simulation of the propagation of a laser pulse (7 mJ, 140 fs, 1.5-mm radius at
1/e). For clarity, only 20 evenly spaced rays in the transverse plane are displayed, corresponding to
60-times downsampling. Cross-(de)focusing of neighbouring rays is clearly visible, as marked by the
arrows (see text for details)

regions of the same beam, increases the
non-linear self-focusing distance of the
outer regions of the beam, leading to
longer filaments. This description can
be compared with the moving-focus
model [37], except that we consider
radially concentric geometrical slices
of the beam profile instead of tempo-
ral slices of the laser pulse. However,
while the temporal slices are indepen-
dent, except for the retarded Kerr effect
and ionization (the latter being neg-
ligible outside of the filaments them-
selves), the cross-defocusing process
couples the geometrical slices. This pro-
cess prolongs the life of the filaments,
and might in some conditions allow
self-focusing to occur beyond the ge-
ometrical focus, as often observed but
not explained by the standard moving-
focus model [38]. This extension of the
moving-focus model may widely ex-
tend its applicability range for practical
use in long-distance applications, as the
extended moving focus of Kosareva et
al. [39] does from the theoretical point
of view.

While ray tracing had already been
shown to yield good results in the self-
focusing region, where the Kerr effect is
clearly dominating, long-distance simu-
lations require us to be able to reproduce
the filament propagation as well. Here,
models based on wave propagation re-
quire extensive calculations associated
with lengthy computation times. In par-

ticular, multiphoton ionization has to be
taken into account, not only because it
is one of the main physical mechanisms
at play in filamentation, but also because
it is required to avoid the collapse of the
beam, which is known to occur when the
NLSE is integrated in the paraxial ap-
proximation [40].

However, as shown in Fig. 3, our
ray-tracing simulations without ioniza-
tion reproduce well recent propagation
experiments comparing free propaga-
tion with filaments perturbed by the
interaction with an obscurant [41]. We
used the same parameters as in the ex-
periment, namely a slightly focused
( f = 5 m) beam at 800 nm, with 7-mJ
pulse energy and a pulse duration of
140 fs. The initial beam radius was
1.5 mm at 1/e. Obscurants up to 400 µm
have been investigated in the simula-
tions. Our simulations reproduce well
the experimental results, in terms of the
filamentation start and end, and of the
evolution of the fluence. They also agree
semi-quantitatively with the results of
extensive numerical simulations based
on the NLSE and taking into account the
effects of diffraction, stimulated Raman
scattering, plasma generation and the in-
teraction of light with the plasma [42].
In particular, the fluence values and
the refocusing along the propagation,
as well as the filamentation length of
3–4 m, agree very well. Here, the fila-
ment end is defined as the strong fluence
decrease down to values comparable to
the initial one.

The survival of filaments in spite of
large obscurants [41] shows that their
re-feeding by the ‘photon bath’ [23, 24],
focused by the Kerr effect, critically
contributes to filamentation, as opposed
to a local balance between the Kerr ef-
fect and the plasma.

Moreover, it is well known that
under the usual propagation conditions
in air, ionization balances the Kerr ef-
fect and allows the self-guiding of the
filaments. However, such a regulariz-
ing contribution is mathematically re-
quired to avoid collapse of the NLSE
only when it is solved in the frame
of the paraxial approximation [40].
Since our ray-tracing calculations do
not use the paraxial approximation,
there is no reason to expect them to
yield a beam collapse. This pure-Kerr,
collapse-free propagation mode might
help understand the recent observation
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FIGURE 3 Ray-tracing simulation of the maximum fluence across the beam cross section for both free
propagation and propagation perturbed by a spherical obstacle

of filamentation at distances in the km
range [2, 43], which was interpreted as
due to an ionization-free regime [43].
This result is also similar to that of Dubi-
etis et al. [14], which was obtained with
a simplified propagation model.

Moreover, ray tracing suggests an
intuitive description for this ionization-
free self-guided propagation regime.
Since the different spatial regions of the
beam do not self-focus at the same dis-
tance, rays can be refocused by the ‘pho-
ton bath’ after they have crossed their
non-linear focus, as shown in Fig. 4.
This suggests a new mode of pure-Kerr
self-guiding of ultra-short laser pulses,
governed by macroscopic cross-folding

FIGURE 4 Kerr-only refocusing of rays near to the centre of a 330-mJ, 900-fs beam of 1.5-cm radius
at 1/e. For clarity, the graph displays a close-up of the 20 most central rays, within the much wider beam
profile

of spatial beam regions. The reduced
contribution of small-scale guiding is
further supported by the small effect of
obstacles located on the beam axis.

As a conclusion, ray-tracing simula-
tions of long-range propagation of ultra-
short laser pulses in air, although neg-
lecting ionization and considering the
Kerr effect as the only non-linear pro-
cess at play, can reproduce some macro-
scopic features relevant for atmospheric
applications, such as the filament on-
set and length, or the fluence evolu-
tion. While this technique has a limited
resolution and does not describe the fil-
amentation physics at the microscopic
scale, it fits with the corresponding re-

sults of wave-propagation models, al-
though with strongly reduced comput-
ing times and computer requirements, as
well as with much flexibility in setting
the initial conditions, as is suitable for
field use in view of applications such as
lidar pollution monitoring and lightning
control.

Besides, ray tracing provides an in-
tuitive picture of the self-focusing and
self-guiding processes. In this regard,
we suggest an interpretation of both the
formation of filaments on a ring in high-
power beams as a cross-defocusing ef-
fect among neighbouring regions of the
beam and ionization-free filamentation
in terms of large-scale cross-refocusing
of different beam slices.
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13 G. Méchain, A. Couairon, Y.-B. André,
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