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Abstract

Modern laser sources nowadays deliver ultrashort light pulses reaching few cycles in duration
and peak powers exceeding several terawatt (TW). When such pulses propagate through
optically transparent media, they first self-focus in space and grow in intensity, until they
generate a tenuous plasma by photo-ionization. For free electron densities and beam intensities
below their breakdown limits, these pulses evolve as self-guided objects, resulting from
successive equilibria between the Kerr focusing process, the chromatic dispersion of the
medium and the defocusing action of the electron plasma. Discovered one decade ago, this
self-channeling mechanism reveals a new physics, widely extending the frontiers of nonlinear
optics. Implications include long-distance propagation of TW beams in the atmosphere,
supercontinuum emission, pulse shortening as well as high-order harmonic generation. This
review presents the landmarks of the 10-odd-year progress in this field. Particular emphasis
is laid on the theoretical modeling of the propagation equations, whose physical ingredients
are discussed from numerical simulations. The dynamics of single filaments created over
laboratory scales in various materials such as noble gases, liquids and dielectrics reveal new
perspectives in pulse shortening techniques. Far-field spectra provide promising diagnostics.
Attention is also paid to the multifilamentation instability of broad beams, breaking up the
energy distribution into small-scale cells along the optical path. The robustness of the resulting
filaments in adverse weathers, their large conical emission exploited for multipollutant remote
sensing, nonlinear spectroscopy and the possibility of guiding electric discharges in air are
finally addressed on the basis of experimental results.

(Some figures in this article are in colour only in the electronic version)
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Figure 1. Principle of producing femtosecond filaments in air at the laser wavelength of 800 nm.
Photograph at the right-hand side shows a transverse cut of the filament profile.

1. Introduction

Over the past two decades, ultrafast laser sources producing ultrashort pulses have come of
age. Technological advances in this field have permitted the generation of light wave-packets
comprising only a few oscillation cycles of the electric field. Mode-locking and chirped-pulse
amplification (CPA) technologies allow to access smaller and smaller pulse durations, down to
the femtosecond scale (1 fs = 10−15 s). Optical intensities locally exceed hundreds of terawatt
(TW) per cm2 at moderate (mJ) energies. Due to extreme temporal and spatial confinements,
the pulse strength exceeds that of the Coulomb field which binds electrons at their nucleus. It
becomes strong enough to overcome the Coulomb barrier and triggers optical-field ionization.

In this regime, an intriguing phenomenon was discovered by Braun et al (1995) in
the middle of the nineties. By launching infrared pulses with femtosecond durations and
gigawatt (GW) powers in the atmosphere, the beam became confined to a long-living, self-
confined tube of light capable of covering several tens of metres, i.e. many linear diffraction
lengths along the propagation axis. The mechanism supporting this ‘light bullet’ results from
the balance between Kerr focusing, which increases the local optical index with the wave
intensity and self-induced ionization. When an ultrashort pulse self-focuses and couples
with a self-induced plasma channel, its spatial profile exhibits a narrow extent along the
optical path. Spectra broaden due to self-phase modulation (SPM), which is sustained by
the mechanism of high intensity clamping. This picture classically refers to what is commonly
called a ‘femtosecond filament’. In the diffraction plane, this filament is characterized by a
white-light spot, surrounded by concentric ‘rainbows’ with colors ranging from red to green.
The high nonlinearities competing through the filamentation process produce an impressive
supercontinuum leading to white-light emission. They also affect the beam divergence through
an apparent conical emission, as illustrated in figure 1.

Femtosecond filaments have, for the last decade, opened the route to a fascinating physics.
Their highly nonlinear dynamics sparked broad interest, first because femtosecond pulses are
able to convey high intensities over spectacular distances, second because the white-light
emitted by the filaments transforms infrared lasers into ‘white-light lasers’ (Chin et al 1999b,
Kasparian et al 2003). For appropriate beam configurations, long fs filaments can be created
not only in the atmosphere but also in noble gases, liquids and dielectrics, as long as the pulse
intensity does not reach the limit of optical breakdown and the electron plasma remains at
subdense levels. The dynamical balance between nonlinear focusing and ionization can result
in a drastic shortening of the pulse duration, down to the optical cycle limit. This property
offers promising perspectives to generically deliver light waves with durations of a few fs
only, which should further impact the fields of high-order harmonic generation and sub-fs
pulse production. In solids, femtosecond filaments are used to imprint irreversible tracks and
modify the birefringence of the medium near the breakdown threshold. This opens new routes
for material micro-processing. In liquids, filaments can be self-guided over long distances,
without causing any damage. Their spectral signatures, occurring as X or O-shaped lines
in the far-field spectrum, may supply efficient diagnostics to extract information about the
nonlinear pulse dynamics. In air, femtosecond pulses with broad spatial extents create several
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filaments, whose mutual interactions support the self-guiding of the beam envelope and can
preserve a confined state over several kilometres. This recently led to the development of
ultrashort light detection and ranging (LIDAR) facilities, which exploit the white-light emitted
by these filaments, in order to detect and identify several pollutants within a single laser shot.

Many applications have been inspired by this ultrafast ‘light bullet’. Although a
couple of comprehensive reports were recently published in this field (Chin et al 2005,
Couairon and Mysyrowicz 2007), the theoretical foundations of these unique structures of
light and their universal features still deserve to be exposed, which justifies the present review.
An accurate understanding of the filamentation phenomenon requires a rigorous derivation of
the propagation equations together with basic tools for capturing the underlying physics. For
this purpose, section 2 addresses the model describing the long range propagation of ultrashort
laser pulses in any optically transparent medium. Section 3 reviews the phenomenon of wave
self-focusing and its limitation by potential players such as plasma generation, chromatic
dispersion and optical nonlinearities. Emphasis is given to semi-analytic methods providing
qualitative information about these effects. Section 4 lists the major phenomena driving
femtosecond filaments. Section 5 is devoted to pulse shortening that can be achieved by letting
femtosecond pulses ionize atom gases at appropriate pressures and to high-order harmonic
generation. Section 6 addresses different propagation regimes in condensed materials (water,
silica glasses), from the laser-induced breakdown limit to nonlinear waves self-guided with no
plasma generation and their characteristic angle-frequency spectra. Section 7 concentrates on
the atmospheric applications of the white-light supercontinuum emitted by ultrashort filaments.
Current techniques for changing their onset distance and self-channeling length are discussed,
together with the diagnostics used for plasma and optical-field measurements. Attention is
paid to novel ultrashort LIDAR-based setups and their use in remotely analyzing aerosols,
biological agents and dense targets through remote filament-induced breakdown spectroscopy.
Their ability to trigger and guide electric discharges over several metres is also discussed.
Section 8 summarizes the principal aspects of this review and presents future prospects. For
an easier reading, the abbreviations employed in this article are spelt out in appendix A.

2. Propagation equations

To start with, we derive the model describing the propagation of ultrashort optical pulses in
transparent media. Using the conventional description of nonlinear optics, straightforward
combination of the Maxwell’s equations yields (Agrawal 2001, He and Liu 1999, Shen 1984)

∇2 �E − �∇( �∇ · �E) − c−2∂2
t

�E = µ0(∂
2
t

�P + ∂t
�J ), (1a)

�∇ · �E = (ρ − �∇ · �P)/ε0, (1b)

where ε0, µ0 and c denote the electric permittivity, magnetic permeability and the speed of
light in vacuum, respectively. The optical electric field �E, the polarization vector �P , the carrier
density ρ and the current density �J are real valued. For further convenience, we introduce
standard Fourier transforms applied to the fields ( �E, �P , �J )† as

( �̂E, �̂P , �̂J )†(�r, ω) ≡ 1

2π

∫
( �E, �P , �J )†(�r, t)eiωt dt. (2)

The current density �J describes the motions of the free electrons created by ionization of the
ambient atoms, for which ion dynamics is discarded. The polarization vector �P describes the
bounded electron response driven by the laser radiation. It is usually decomposed into a linear

part �PL ≡ �P (1) related to the first-order susceptibility tensor
↔(1)
χ and a nonlinear one �PNL
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satisfying | �P (1)| � | �PNL|. For isotropic, homogeneous, nonmagnetizable media and spectral
ranges far from any material resonance, �P can be expressed as a power series in �E:

�̂P = �̂P (1)
(�r, ω) + �̂P (3)

(�r, ω) + �̂P (5)
(�r, ω) + · · · (3)

with scalar components

P̂ (j)
µ = ε0

∑
α1...αj

∫
. . .

∫
χ(j)

µα1...αj
(−ωσ ; ω1, . . . , ωj )

×Êα1(�r, ω1) . . . Êαj
(�r, ωj )δ(ω − ωσ ) dω1 . . . dωj , (4)

where ωσ = ω1 + · · · + ωj . All susceptibility tensors
↔(j)
χ with even index j vanish due

to inversion symmetry. The subscript µ indicates the field vector component in Cartesian

coordinates and the indices αj have to be summed up over x, y and z. The tensor
↔(1)
χ is

diagonal with χ(1)
µα = χ(1)δµα , so that

�̂P (1)
(�r, ω) = ε0χ

(1)(ω) �̂E(�r, ω), (5)

and the scalar dielectric function, defined by

ε(ω) = 1 + χ(1)(ω), (6)

enters the wave number of the electromagnetic field k(ω) = √
ε(ω)ω/c. Since χ(1) is complex-

valued, the dielectric function ε(ω) contains all information not only about the material
dispersion but also about the linear losses given by the imaginary part of χ(1)(ω). When
losses are negligible, ε(ω) is real and reduces to ε(ω) = n2(ω), where n(ω) here denotes the
linear refractive index of the medium, which can be described in certain frequency ranges (far
from resonances) by, e.g. a Sellmeier formula. By convention, n0 ≡ n(ω0) for the central
frequency ω0 = 2πc/λ0 of a laser operating at the wavelength λ0 and k0 ≡ k(ω0). Without
any specification, ω = 2πc/λ, w⊥ = 2π/k⊥ is the waist of the optical wave-packet in the
plane (x, y) and k⊥ is the corresponding extent in the transverse Fourier space.

2.1. Helmholtz equation

By Fourier transformation, equations (1a) and (1b) express as the Helmholtz equation

[∂2
z + k2(ω) + ∇2

⊥] �̂E = −µ0ω
2 �̂FNL + �∇( �∇ · �̂E), (7a)

�∇ · �̂E = (ε0ε)
−1(ρ̂ − �∇ · �̂P NL), (7b)

where ∇2
⊥ ≡ ∂2

x + ∂2
y stands for transverse diffraction and

�̂FNL ≡ �̂P NL + i �̂J/ω ≡ F̂ ⊗ �̂E (8)

gathers all nonlinear contributions through the function F . This function depends on �E and
can be viewed as the effective nonlinear refractive index change of the medium (⊗ is the
convolution operator). Because equations (7a) and (7b) are usually difficult to integrate in the
full space-time domain, assumptions are required to simplify them into a more tractable form.
The most fundamental of those consists of supposing that the wavefield keeps a transverse
extension always fulfilling

k2
⊥/k2(ω) 	 1, (9)

i.e. for k(ω) located around ω0, the transverse waist of the beam has dimensions larger than
the central wavelength. The second one assumes small nonlinearities:

F̂

ε0ε(ω)
	 1. (10)
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2.1.1. From vectorial to scalar description. The previous conditions make vectorial effects
negligible for, e.g. a transversally polarized light field E⊥ = (Ex, Ey). Indeed, equations (7a)
and (7b) can be combined, with the help of the continuity equation ∂tρ + �∇ · �J = 0 expressed
in Fourier variable, into the form

[∂2
z + k2(ω) + ∇2

⊥] �̂E = −µ0ω
2

[
�̂FNL +

�∇( �∇ · �̂FNL)

k2(ω)

]
. (11)

The last term scrambles nonlinear vectorial components. When we project the vectors
�E = ( �E⊥, Ez)

†, �PNL = ( �P ⊥
NL, P z

NL)†, �J = ( �J⊥, Jz)
† and �∇ = ( �∇⊥, ∂z)

† onto the transverse
and longitudinal axis, Êz is found to scale as O(k⊥/k). This follows from a direct Fourier
transform of equation (7b) for weak nonlinearities (equation (10)). Expressed in Fourier space,
the nonlinear coupling of transverse/longitudinal components described by the scrambling
term behaves as O(k2

⊥/k2) (Fibich and Ilan 2001a, 2001b, Milsted and Cantrell 1996). So
these effects become important in the limit k⊥ → k(ω) only. Conversely, if the nonlinear
compression processes are stopped before k⊥ becomes comparable with k, the last term in the
right-hand side (RHS) of (11) is close to zero and the field remains transversally polarized.
Hence, as long as the nonlinear polarization and current density preserve conditions (9) and
(10), vectorial effects can be ignored for purely optical or weakly ionized materials as well.
This property justifies the use of a scalar description for linearly polarized beams having,
e.g. Ey = 0.

2.1.2. Weak backscattering. The question of evaluating backscattering waves may be
crucial in several areas, such as remote sensing (Kasparian et al 2003, Yu et al 2001), which
spectrally analyze the photons returning towards the laser source. The amount of backscattered
photons, however, constitutes a weak percentage of those traveling in the forward direction
through a transparent medium. The reason can be seen from the scalar version of equation (11)
expressed as

D+(ω)D−(ω)Ê = −∇2
⊥Ê − µ0ω

2F̂ ⊗ Ê, (12)

where D±(ω) ≡ ∂z ∓ ik(ω). By substituting the solution Ê = Û+eik(ω)z + Û−e−ik(ω)z,
equation (12) expands as

e2ik(ω)z[∂2
z + 2ik(ω)∂z + ∇2

⊥ + µ0ω
2F̃ ]Û+ + [∂2

z − 2ik(ω)∂z + ∇2
⊥ + µ0ω

2F̃ ]Û− = 0. (13)

Here, Û+ and Û− represent the Fourier components of the forward and backward running fields,
for which we a priori assume |∂zU±| 	 |k(ω)U±| and U+ � U−. For technical convenience,
we consider F̂ = F̃ δ(ω). Following Fibich et al (2002), we can integrate equation (13) over
the interval z − π/2k � z � z + π/2k (one fast oscillation) and Taylorize Û±(z) to evaluate

2ik(ω)∂zÛ− ∼ −e2ik(ω)z

2ik(ω)
∂z[∇2

⊥ + µ0ω
2F̃ ]Û+. (14)

Since ∇2
⊥ ∼ −k2

⊥ in Fourier space, the backscattered component has a weak influence on the
beam dynamics if k2

⊥ 	 k2(ω) and as long as the longitudinal variations of the nonlinearities
remain small.

2.1.3. Unidirectional pulse propagation. Because the propagation physics is mainly brought
by the forward component, one has Û− → 0 and Ê ∼ Û+eik(ω)z. With the above
approximations, the operator D−(ω) for backscattering mainly applies to the most rapid
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variations of the field driven by the complex exponential, i.e. D−(ω)Ê ≈ 2ik(ω)Ê. The
so-called ‘forward Maxwell equation’ (FME)

∂zÊ = i

2k(ω)
∇2

⊥Ê + ik(ω)Ê +
iµ0ω

2

2k(ω)
F̂NL (15)

then naturally emerges from equation (12). The validity of this model explicitly requires
that the second-order derivative in z of the envelope function Û+ must be small compared
with |k(ω)∂zÛ+|, since D+(ω)D−(ω)Ê = eik(ω)z[∂2

z + 2ik(ω)∂z]Û+ (Geissler et al 1999,
Husakou and Herrmann 2001). This approximation, usually expressed as |∂zÛ+| 	 |k(ω)Û+|,
refers to the ‘paraxiality’ assumption. It holds if the field envelope U+ does not significantly
change over propagation distances of the order of λ, for all wavelengths under consideration.
Paraxiality is again linked to the weakness of both the ratio k⊥/k and the nonlinearities. Let
us indeed assume the nonlinear function F clamped at a maximal constant level, Fmax. The
forward component of equation (13) then reads

Û+ ∼ e
ik(ω)z

[√
1− k2⊥

k2(ω)
+ µ0ω2

k2(ω)
Fmax−1

]
. (16)

It is seen right away that this solution fits that of the paraxial model, Û+ ∼ e−i(k2
⊥−µ0ω

2Fmax)z/2k(ω),
as long as the two constraints (9) and (10) apply.

Alternatively, Kolesik et al (2002) derived a propagation model from the superposition
of electromagnetic modal fields applied to the starting Maxwell equations. The resulting
model only assumes that the nonlinear responses are mainly given by their projection onto
the forward-propagating half of the plane-wave space. Without dwelling upon details, a brief
construction of this model, known as the ‘unidirectional pulse propagation equation’ (UPPE),
can be sketched by rewriting equation (12) as

D⊥
+ (ω)D⊥

−(ω)Ê = −µ0ω
2F̂NL, (17)

with D⊥
±(ω) ≡ (∂z ∓ i

√
k2(ω) + ∇2

⊥). If we retain the forward running component Ê =
Û+ei

√
k2(ω)+∇2

⊥z constrained to the unidirectional assumption D⊥
−(ω)Ê ≈ 2i

√
k2(ω) + ∇2

⊥Ê,
the UPPE expresses in scalar form

∂zÊ = i
√

k2(ω) + ∇2
⊥Ê +

iµ0ω
2F̂NL

2
√

k2(ω) + ∇2
⊥

. (18)

Equation (18) allows to describe dc-field components (ω = 0), whereas equation (15) is strictly
limited to nonzero frequencies. Despite these minor differences, models (15) and (18) become
quite analogous when the condition k2

⊥/k2 	 1 applies. Their major advantage is to elude
the formal use of a central optical frequency and correctly describe the complete spectrum
of pulses in nonlinear regimes, even when they develop very large bandwidths. More details
about the relative accuracy of these models can be found in Kolesik and Moloney (2004a).

For practical use, it is convenient to introduce the complex version of the electric field

E = √
c1(E + E∗), E = 1√

c1

∫
�(ω)Êe−iωt dω, (19)

where c1 ≡ ω0µ0/2k0 and �(x) denotes the Heaviside function. Because E satisfies
Ê∗(ω) = Ê(−ω)∗ (∗ means complex conjugate), it is then sufficient to treat the FME model
(15) in the frequency domain ω > 0 only. The field intensity can be defined by E2 averaged
over an optical period at least, for a given central frequency ω0. This quantity usually follows
from the modulus of the time averaged Poynting vector. It is expressed in W cm−2 and with
the above normalization factor c1 it is simply given by the classical relation I = |E|2.
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2.1.4. Envelope description. When a central frequency ω0 is imposed, equation (15) restitutes
the nonlinear envelope equation (NEE), earlier derived by Brabec and Krausz (1997). We can
make use of the Taylor expansion

k(ω) = k0 + k′ω̄ + D̂, D̂ ≡
+∞∑
n�2

k(n)

n!
ω̄n, (20)

where ω̄ = ω − ω0, k′ = ∂k/∂ω|ω=ω0 and k(n) = ∂nk/∂ωn|ω=ω0 and develop equation (15) as

∂zE =
∫ [

i∇2
⊥

2k(ω)
+ i(k0 + k′ω̄ + D̂)

]
Ê(ω)e−iωt dω + i

µ0

2

∫
ω2

k(ω)
F̂NL(ω)e−iωt dω. (21)

Ê(ω) is the Fourier transform of E(t)eiω0t in ω̄, so that ω̄ corresponds to i∂t applied to the field
envelope by inverse Fourier transform. Terms with k(ω) in their denominator are expanded
up to first order in ω̄ only. Furthermore, we introduce the complex-field representation

E = Ueik0z−iω0t , (22)

involving the novel envelope function U . Next, the new time variable t → t − z/vg can
be utilized to replace the pulse into the frame moving with the group velocity vg = k′−1.
Equation (21) then restores the NEE model

(i∂z + D)U � −T −1

2k0
(∇2

⊥U) − µ0ω
2
0

2k0
√

c1
T F env

NL (U), (23)

where

D ≡
+∞∑
n�2

(k(n)/n!)(i∂t )
n, T =

(
1 +

i

ω0
∂t

)
, (24)

whenever |k0 − ω0k
′|/k0 	 1. This condition is met if the difference between group and

phase velocity relative to the latter is small, which is fulfilled in a wide range of propagation
phenomena. The operator T −1 introduces space-time focusing in front of the diffraction term
[T −1(∇2

⊥U)]. On the other hand, nonlinearities with the envelope function F env
NL (U) are also

affected by the operator T , which refers to self-steepening. For dispersion relations truncated
at finite orders n < +∞, the NEE model applies to optical fields with sufficiently narrow
spectral bandwidths. With full chromatic dispersion, it holds for describing light pulses down
to the single cycle.

2.2. Nonlinear optical responses

We henceforth assume a linearly polarized field (along, e.g. �ex) and treat nonlinear effects within
a scalar description. For centro-symmetric materials, only one relevant component of the tensor
remains in the cubic contribution P (3), e.g. χ(3) = χ(3)

xxxx (Agrawal 2001). For simplicity, we
may first consider χ(3) as keeping a constant value for a spectral domain centered around ω0.
Equation (4) then simplifies with a single component, denoted χ(3)

ω0
, and in the time domain

one finds P (3)(�r, t) = ε0χ
(3)
ω0

E3. This expression holds whenever we suppose an instantaneous
response of the medium, which ignores the contribution of molecular vibrations and rotations
to χ(3). Strictly speaking, however, the phenomenon of Raman scattering comes into play
when the laser field interacts with anisotropic molecules. This interaction can be schematized
by a three-level system built from the rotational states of a molecule. The molecular scatterer
has two rotational eigenstates, the ground state (level 1) with energy h̄�1 and an excited
one (level 2) with energy h̄�2 where h̄ = 1.06 × 10−34 Js and �m denotes the frequency
of the state m = 1, 2, 3. Far above lies an electronic (or translational) state with energy
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h̄�3 � h̄�2 − h̄�1. This molecule interacts with the laser field whose photon frequency ω0

fulfills �13, �23 � ω0 � �21, [�nm ≡ �n − �m], such that state |3〉 cannot be populated.
Because of the definite parity of these molecular states, the dipole matrix element µ12 associated
with the transition |1〉 → |2〉 via a single photon is null, so that the rotational state |2〉 can
only be excited via transition through a virtual state |3〉 [µ13 � µ23 ≡ µ �= 0]. Following this
path, a Stokes photon with energy h̄ωs = h̄ω0 − h̄�21 is emitted. The density matrix element
associated with the states |1〉 and |2〉 is found to satisfy (Peñano et al 2003)

∂tρ12 � −ρ12

τ2
− i

µ2E2

h̄2�31
e−it/τ1 , (25)

where τ1 = 1/�21 and τ2 are the rotational and dipole dephasing times. The polarization
vector PRaman = χ(1)[ρ12eiωRt + c.c.]E then provides the Raman response

PRaman = 2χ(1)µ2

�31h̄
2 E

∫ t

−∞
e− t−t ′

τ2 sin

(
t − t ′

τ1

)
E2(t ′) dt ′, (26)

which originates from nonresonant, nonlinear couplings.
Expressed in terms of the rescaled complex field E (equation (19)) and with appropriate

normalizations (Sprangle et al 2002), it completes the cubic polarization as

P (3) = 2n0n2ε0
√

c1

∫ +∞

−∞
R̄(t − t ′)|E(t ′)|2 dt ′E + 2n0n2ε0

√
c1(1 − xK)E3/3 + c.c., (27a)

R̄(t) = (1 − xK)δ(t) + xK�(t)h(t), (27b)

h(t) = τ 2
1 + τ 2

2

τ1τ
2
2

e−t/τ2 sin(t/τ1), (27c)

with the definition of the nonlinear refractive index n2 = 3χ(3)
ω0

/(4n2
0cε0). Here, contributions

in O(E3) are retained to further describe third-harmonic generation. Expression (27a) possesses
both retarded and instantaneous components in the ratio xK . The instantaneous part ∼δ(t)

describes the response from the bound electrons upon a few femtoseconds or less. The retarded
part ∼h(t) accounts for nuclear responses, in which fast oscillations in E2 give negligible
contributions, as τ1 and τ2 exceed the optical period ∼ω−1

0 .
The fraction of delayed Kerr depends on the molecular species under consideration.

For air at 800 nm, Sprangle et al (2002) chooses τ1 � 62 fs, τ2 � 77 fs and xK =
1/2. This choice is consistent with that proposed in experimental papers (Nibbering et al
1997, Ripoche et al 1997). When τ1 ∼ τ2, the function h(t) � (1/τ1)e−t/τ1 can
also be used in the ratio xK = 1/2 (Chiron et al 1999). For condensed materials,
the parameter ranges τ2/τ1 = 2–4, τ2 = 30–50 fs with xK = 0.15–0.18 have been
suggested (Agrawal 2001, Zozulya et al 1999). Values of the nonlinear Kerr index n2

can be found in the literature (Gong et al 1998, Hellwarth et al 1990, Lehmeier et al
1985, Luo et al 1995, Nibbering et al 1997). Comprised between 10−19 cm2 W−1 for
gases and 10−16 cm2 W−1 in dense media, they may, however, vary by a factor of
the order of unity, depending on the procedure used for their evaluation (polarization
spectroscopy, self- or cross-phase modulated spectra, time-resolved interferometry). They
also depend on the laser wavelength and pulse durations at which measurements are
performed.

Besides, the susceptibility tensor has nonlinear components χ(j>3) that satisfy the ordering
(Boyd 1992, Shen 1984)

P (k+2)

P (k)
= χ(k+2)

χ(k)
· Ek+2

Ek
≈ |E|2

|Eat|2 , (28)
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Figure 23. (a) Normalized 3D beam profile at the output of the water cell (31 mm); (b) spectral-
angular distribution of the radiation (Dubietis et al 2003). Courtesy of Dubietis. (c) Peak
intensities computed numerically with (——) and without (- - - -) plasma gain from 170 fs,
100 µm-waisted pulses focused with f = 5 cm (Pin = 10 Pcr) in water; (d) corresponding FWHM
radius.

stationarity and localization (see section 4.1). For this purpose, figure 23(a) illustrates the
pulse fluence along the self-guiding range measured at the exit plane of a 31 mm long cuvette
for Pin = 6.6 Pcr. Figure 23(b) shows the X-shaped spectral-angular distribution of the
radiation. Plots (c) and (d) represent peak intensities and FWHM diameters reached from
similar pulse parameters with and without plasma gain. They evidence the weak influence of
plasma defocusing in this dynamics (Kolesik et al 2004, Skupin et al 2006a).

The conical emission (CE) develops an X-like angular distribution of wavelengths in the
far-field. Early interpretations of this phenomenon favoured a spatio-temporal modulational
instability leading to hyperbolic or elliptic contours in the angle-frequency plane for normal or
anomalous dispersion, respectively (Liou et al 1992, Luther et al 1994c). In contrast, recent
analyses, either theoretical or experimental, reported the important influence of chromatic
dispersion and phase-matching conditions (Conti et al 2003, Dubietis et al 2004a, 2003,
Faccio et al 2007, Kolesik et al 2003a, 2004, Porras et al 2004). Created from ultrashort
filamentary pulses, nonlinear X waves are conical waves being stationary, nondispersive and
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nondiffracting along the propagation axis (Conti et al 2003). The filamentation dynamics
and the X-shaped spectrum observed in the plane (k⊥, ω − ω0) are explicit manifestations
of these nonlinear X waves (Couairon et al 2006b, Faccio et al 2005a, 2005b). Therefore,
Kolesik et al (2004, 2005) proposed that angle-resolved (far-field) spectra can provide efficient
experimental diagnostics, as their characteristic patterns reflect in detail the complex dynamics
of femtosecond pulses. The double X shapes ‘marking’ the frequency-resolved spectrum
depend on the relative velocities of the leading/trailing optical peaks resulting from the
nonlinearities. Their slope and mutual shifts, which look quasi-stationary along the filament
path, may yield quantitative information on the nonlinear evolution of the pulse. In anomalous
GVD regimes, counterparts of X waves are O waves, which, instead of hyperbolae, generate
elliptic lines in the angle-frequency spectrum (Porras et al 2005).

Several investigations have been devoted to quantifying the X/O contours characterizing
the (k⊥, ω̄) surfaces in a rich variety of media (Faccio et al 2005b, 2006a, 2006b, 2006c,
Kolesik et al 2005, Porras and Di Trapani 2004, Porras et al 2005). Here, k⊥ is the transverse
wave number of the mode and ω̄ = ω − ω0 denotes the detuning between the generated
frequency and that of the pump wave. The propagation angle with respect to the longitudinal
axis is defined by θ ≡ k⊥/k0 and it was proposed to have the simple analytical form (Longhi
2004, Porras and Di Trapani 2004)

θ =
√

2

k0
(β + αω̄ + D̂), (78)

where D̂, defined by equation (20), stands for chromatic dispersion. The parameters (β, α)

originate from the longitudinal wave number kz(ω̄) = kz0 + k′
z0ω̄, where the quantities

kz0 = k0 − β and k′
z0 = k′

0 − α determine the propagation constant and group velocity of the
X/O mode. Equation (78) follows from a direct expansion of the transverse dispersion relation
k⊥ = √

k2(ω̄) − k2
z (ω̄), where k(ω̄) = √

ε(ω̄)ω̄/c contains all information about the material
dispersion. Rather good agreements between equation (78) and experimental CE spectra can
be obtained in the limit of large frequency shifts (Faccio et al 2006c). Difficulties in fitting
equation (78) with experimental spectra, however, still prevent an accurate identification of the
couple (α, β) in the presence of nonlinearities (Faccio et al 2006b). Evaluating the parameter
α is currently achieved from visual inspection of numerical data in the propagation range
where the pulse splits into leading and trailing peaks: two daughter waves have different group
velocities, which create distinct lines in the (k⊥, ω̄) plane. This approach meets the three-wave
mixing scenario proposed in Kolesik et al (2004, 2005), following which the X/O modes with
frequency ω are generated from the scattering of a wave created at frequency ω̄ by the material
nonlinear response with the pump wave at ω0. The angular spectrum then results from the
phase-matching condition

kz(ω̄) � kz(ω0) +
ω̄

νr

, (79)

which identifies the longitudinal wave numbers of the input and output waves, up to the ratio of
ω̄ over the group velocity νr acquired by the response peak along the filament path. Different
X arms correspond to different daughter pulses having their own group velocity.

Angular far-field spectra open novel opportunities for capturing the nonlinear pulse
dynamics. They will certainly reach a high impact in the field of nonlinear focusing and
supercontinuum generation when, e.g. the inverse problem of directly mapping the nonlinear
response from the far-field spectrum is resolved. For example, figures 24(a) and (b) show X/O
patterns experimentally measured in water from the angle-wavelength spectra of self-focused
1 ps pulses at 527 nm ((a) X waves) and at 1055 nm ((b) O waves) (Porras et al 2005). For
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Figure 24. Experimental angle-wavelength spectra of pulses at 527 nm in water: (a) λ0 = 527 nm,
Ein = 1.6 µJ; (b) λ0 = 1055 nm, Ein = 14.5 µJ (Porras et al 2005). Courtesy of Dubietis.
(c) Logarithmic far-field spectra of a 94 fs pulse with 0.6 µJ energy at 527 nm. (d) Same with
2.3 µJ energy at 1100 nm. Courtesy of Kolesik. Phase-matched regions induced by the leading
peak of the nonlinear response are shown (Kolesik et al 2005).

comparison, figures 24(c) and (d) display quite similar logarithmic far-field spectra for close
laser beam parameters. Lines indicate phase-matching regions (equation (79)) for the leading
peak emerging in nonlinear self-focusing regime. The conical component prolonging the
elliptic distributions at high frequencies concerns the part of the spectrum that extends deep
into the normal GVD region.

Similar dynamics were reported in fused silica (Polesana et al 2006), where nonlinear
Bessel beams experience a spontaneous reshaping due to the combined action of self-
focusing and nonlinear losses. Besides, recent experiments using χ(2) crystals have led to the
introduction of the novel concept of X-shaped spatiotemporal coherence, skewed along specific
X-like trajectories in space and time (Jedrkiewicz et al 2006). While nonlinear X waves
are inherently localized structures, the pulse spectrum can exhibit specklelike substructures
reflecting the partially incoherent nature of the total field.

7. Filaments in the atmosphere: conveying intense structures over kilometres

The final section is devoted to the medium which originally served as the ‘birthplace’ for the
science of femtosecond light filaments, namely, the atmosphere. Special emphasis is laid on
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Figure 25. Typical fs beam image of the Teramobile laser beam from Tautenburg observatory.
(a) Fundamental wavelength; (b) blue–green band of the continuum. The horizontal stripes across
the pictures come from stars passing through the telescope field of view. Note the strongly nonlinear
altitude scale due to triangulation.

experimental diagnostics. From the theoretical point of view, filamentation in air is modeled
from equations (45a) and (45b), using classical dispersion relation in air (Peck and Reeder
1972). Although of weaker percentage (20% versus 80% in air), dioxygen molecules have
a lower ionization potential than nitrogen and they provide the dominant species prevailing
through ionization (Couairon et al 2002).

7.1. Long-distance propagation and white-light supercontinuum

7.1.1. Temporal chirping and spatial lensing. The propagation of high power femtosecond
laser pulses in air has attracted considerable attention from the pioneering observation of
the white-light supercontinuum beyond 10 km (Wöste et al 1997). A number of important
practical applications have been suggested, including remote sensing (Rairoux et al 2000),
directed energy delivery and artificial lightning (LaFontaine et al 1999a) among others.
Because the filament onset and length are key parameters for spectroscopic measurements and
for depositing high intensities on remote targets, monitoring these parameters is of utmost
importance. To achieve high intensities at remote distances, a negative frequency chirp
can be introduced in the laser pulse (Alexeev et al 2004, Wille et al 2002). In addition
to transverse self-focusing, the pulse undergoes a temporal compression as it compensates
the normal group-velocity dispersion along the propagation axis. Chirping effects can be
measured by evaluating differences in the conical emission with and without pulse chirping
(Rodriguez et al 2004). For instance, the vertical propagation of the Teramobile beam,
presented in appendix D, was examined from the ground using the 2 m astronomical telescope
of the Thüringer Landessternwarte (Thuringia State Observatory, Germany). Collected images
were a combination of both (i) cross-section images of the beam impinged on the bottom of
clouds or haze layers acting as screens, and (ii) side imaging of the Rayleigh-scattered light over
large altitude ranges. Some of these images are shown in figure 25 at both the fundamental
wavelength and the white-light continuum. In this case, the altitude was retrieved using
triangulation. Figure 25(b) demonstrates the efficiency of the supercontinuum generation, since
its blue spectral signal has been detected from altitudes beyond 18 km for appropriate chirping.
These experiments showed for the first time the possibility of delivering high intensities and
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generating white-light upon variable km distances, by means of GVD/chirp precompensation
techniques. The same observation assessed that the conical emission bears two-thirds of the
overall white-light energy, while the on-axis, forward-directed central component carries the
remaining one-third.

To modify the filamentation distance, a chirp is usually introduced by changing the distance
between the gratings of CPA laser compressors. Applied to the Gaussian pulse (46), this
technique modifies the second-order phase contribution ϕ′′ = d2ϕ/dω2|ω=ω0 through the chirp
parameter C. It enhances the input pulse duration and decreases the beam power as

tCp = tC=0
p

√
1 + C2, P C = P C=0/

√
1 + C2 (80)

at equal spectral content. As it linearly propagates, the pulse competes with normal GVD and
reaches the minimal duration tmin = tC=0

p at the distance

zmin = |C|
1 + C2

t2
p

2k′′ . (81)

Pulse chirping mixes two essential modifications. The first one is dictated by the phase
∼ e−iCt2/t2

p . For input powers above Pcr, a positive chirp C > 0 delays the occurrence of
the self-focus point, whereas this occurs earlier along the optical path for a negative chirp
(C < 0). The second one results in diminishing the effective pulse power, which pushes
the first focus to later propagation distances and reduces the number of filaments in the case
of multifilamentation, whatever the sign of C may be. In usual experimental conditions,
this second effect prevails over the first one. Despite the strong nonlinearities driving the
filament dynamics, the chirped-induced linear compression still persists with C < 0. It
gives rise to additional focusing events and keeps the beam localized at distances close to
zmin (Golubtsov et al 2003, Nuter et al 2005). Moreover, the generation efficiency of the
supercontinuum may vary by several orders of magnitude compared with that of a transform-
limited pulse.

The onset distance and longitudinal extent of fs filaments are also conditioned by the
initial spatial focusing geometry. No simple analytical rule exists on this point, because of
the complex spatial distortions destroying the initial homogeneity of the beam. The filament
length, moreover, depends on the energy consumed by plasma excitation and on the accessible
peak intensity. However, most of the experiments emphasize the use of rather large ratios
f/w0, in order to avoid an immediate plasma defocusing in a tightly focused configuration
(Théberge et al 2006b). This property can be refound by integrating the dynamical equations
derived from the two-scale variational method (equation (55)) (Champeaux and Bergé 2005).
The variational principle indicates that at given Pin/Pcr the ratio f/z0 must be large enough
to ensure the self-trapping condition zc � f . Otherwise, for f/z0 	 1, the beam diffracts
just after the focal point. Figure 26(a) shows the beam diameter of 100 fs, 1 mm waisted
pulses in air at Pin = 10 Pcr and various focal lengths f , which confirms the previous belief.
Figure 26(b) represents the beam extent along the z axis of temporally chirped pulses with
waist w0 = 3 mm, input energy of 1.9 mJ and the same power ratio, for which tCp = 100 fs
while tC=0

p = 70 fs.

7.1.2. Plasma and optical field measurements. Plasma detection relies on the existence of
a difference of potential produced by the current generated by ionization of air molecules.
Working in a free atmospheric medium makes it easy to measure the conductivity of the
plasma channel, which causes a drastic reduction of air resistivity after the passage of a self-
guided filament. This conducting column can be directly evidenced by letting the filament
pass between two copper electrodes drilled in their center and between which a dc voltage
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Figure 26. (a) Beam diameter of pulses spatially focused with w0 = 1 mm, f = 35 cm (- - - -),
f = 37 cm (——), f = 50 cm (· · · · · ·), f = 5 m (— · —). Results follow from a two-scale
variational approach. (b) Beam diameter versus z � 5 m for temporally chirped, 3 mm waisted
pulses with C = 0 (— · —), C = 1.02 (· · · · · ·) and C = −1.02 (——). Results are obtained from
numerical integrations of the NEE model.

of typically 1000 V is applied (see figure 27). The current circulating through the plasma
column is then measured by recording the voltage induced across an external load resistance
(Tzortzakis et al 1999, 2001c). Knowing the current density per ion (i = 3 × 10−14 A cm−2)
and taking into account the volume occupied by a plasma filament, peak electron densities of
1016–1017 cm−3 have been reported in air at 800 nm. Another technique consists of resolving in
time small local changes in the atmospheric refractive index by diffractometry (Tzortzakis et al
2000b). The principle here is to use a probe beam that crosses the filament path under
a small angle. The far-field image of the probe forms fringe patterns that yield a direct
measurement of the accumulated phase containing the plasma-induced defocusing effect. Let
us also mention sonographic methods that take advantage of the sound signals along the plasma
column (Hao et al 2005b, Hosseini et al 2004b, Yu et al 2003). This ‘acoustic’ diagnostics
employs a microphone placed perpendicularly to the channel and records the sound signals
by a digital oscilloscope. The sound emitted from a plasma string is a portion of the pressure
modulation of an acoustic wave from which the absorbed optical energy and plasma density
are deduced from the electric peak voltage at a given distance z. By doing so, the variations
in the electron density can then be plotted along the propagation axis.

Plasma lengths attained from single ∼ mJ femtosecond pulses currently remain of the order
of the metre. The combination of twin pulses, launched collinearly in convergent geometry
and separated from each other by a suitable time delay, can, however, double this length
(Couairon et al 2003, Tzortzakis et al 2003). This process, called ‘concatenation’ of plasma
filaments, relies on locking together the ionized channels generated by each individual pulse.
By tuning their focal lenses (f2 − f1 ∼ 1 m) and their time separation (�tp), the less powerful
time slice ending the self-guiding of the first pulse coincides with the most powerful one of
the second pulse starting a new plasma column (Bergé 2004).
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Figure 27. Schemes of experimental setups for (top) conductivity measurements and (bottom) CCD
imaging for optical field measurements.

Experiments over a horizontal path provided more information about the length over which
ionized plasma channels are formed (Méchain et al 2005a). The influence of an initial negative
chirp enlarging the pulse duration from 0.2 to 9.6 ps, corresponding to 190 and 4 Pcr at constant
energy (190 mJ), respectively, was especially examined upon distances up to 2350 m. Whereas
ionization is clearly observed over propagation scales <50 m for short-pulse durations (0.2 ps),
it becomes more and more sporadic for durations of above 3 ps and ceases for 9.6 ps pulses, i.e.
at powers becoming close to critical. In this case, a few low-intensity (∼1012 W cm−2), mm-
waisted spots survive inside the photon bath, still capable of covering several hundred metres.
The bundle does not convey enough power to trigger full ionization. Instead, the beam evolves
in a regime along which GVD is able to take over MPI and sustain the beam in a confined
state over distances of the order of the input Rayleigh length (Champeaux and Bergé 2005,
Eisenmann et al 2007). When the initial power is too weak, broad beams may produce a few
bright spots by modulational instability, but none of these is capable of developing extensive
plasma sequences (see figure 6).

Several diagnostics exist for optical field measurements. The first consists of recording
intensity profiles by a thick glass plate placed on the propagation axis at ∼45◦ angle (figure 27).
The weak reflection from the glass is then imaged with a high aperture lens onto a linear charge
coupled device (CCD) camera (Tzortzakis et al 2001a). Detection is performed out of the
highest-intensity region close to the nonlinear focus, in order to leave the entrance window
of the glass plate undamaged and keep up the reflected beam undistorted. Also, the high
repetition rate of the laser source may not avoid multi-spot measurements. For this reason,
Bernstein et al (2003) reported on single-shot measurements of self-focusing pulses that do
not have the intensity required to produce ionization. Besides a CCD camera, a spectrometer
and second-harmonic frequency-resolved optical gating (FROG) device allowed measurement
of the spatial, spectral and temporal distributions of the pulse, respectively. The data, collected
from an initially collimated Gaussian beam, showed spatial and temporal narrowing and
spectral broadening at discrete energy levels preceding the ionization stage. They confirmed a
critical power value for nonlinear compression effects of 11.5 GW for 800 nm pulses, i.e. about
∼10–15 GW. Nowadays, several diagnostics such as SPIDER and crossed (X)FROG traces
complete standard auto-correlation pictures and spectra to catch the spatio-temporal structure
of a pulse in the (ω, t) plane. To explore the filamentation stage along which intensities as high
as 5×1013 W cm−2 are attained, Gordon et al (2006) and Ting et al (2005a, 2005b) elaborated
on a new method following which the filament is propagated into a helium chamber through
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Figure 28. Filamentation patterns from the Teramobile beam with w0 = 2.5 cm, FWHM duration
of 100 fs and input power equal to 700 Pcr at different distances z. (top) Experiments; (bottom)
numerical computations.

a nozzle that creates a sharp air–helium interface. Because helium has a lower Kerr index and
a higher ionization potential than air, nonlinear focusing and plasma defocusing are arrested
at the transition in the chamber. The filament then expands due to diffraction to larger sizes
and lower intensities. A calibrated portion of energy can safely be collected and imaged either
directly by a CCD array or through an imaging spectrometer.

7.1.3. Multifilamentation. Open-air terawatt laser facilities make it possible to observe
optical focal spots formed by a myriad of filamentary cells for input powers containing several
thousands of critical powers in air. The 2D reduced model (65a) using the experimental
fluence as initial condition actually reproduces the evolution of the multifilamentation pattern
over long scales, saving computational resources when one neglects the temporal dimension.
As an example, figure 28 shows the overall envelope of the Teramobile bundle (see appendix D)
launched in parallel geometry. The initial pulse contains 700 critical powers and its transverse
profile is scanned at different propagation distances. Filaments rise from the initial beam
defects, form a crown of dots growing from the diffraction ring and then excite clusters of
cells. These clusters, some of which are identified by the labels (1), (2) and (3), are faithfully
reproduced by the numerics. The modulational instability that seeds multiple filaments through
the 2D reduced model gives a very reasonable qualitative picture of the relative placement of
the individual intense light intensities within the broad beam. The filament number remains
in the order of Pin/Pfil, where Pfil � 3 − 5Pcr is the power in one filament. At large distances,
the primary brightest spots decay into secondary filaments by exchanging power through the
energy reservoir formed by the background field (Bergé et al 2004).

When the focusing geometry is changed, the filamentation pattern becomes severely
modified (Hao et al 2006). Figure 29 shows a longitudinal visualization of the filaments
nucleated in a beam with 760 Pcr and focal length f = 40 m. The beam is directed towards an
open cloud chamber scattering a weak-density cloud. After the focal point, only three strings of
light emerge and cover about ∼8 m each, while the same beam should produce more than one
hundred filaments in parallel geometry. Numerical computations for this configuration reveal
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Figure 29. Teramobile fluence of a focused beam (f = 40 m) with 760 critical powers, yielding
three filamentary strings beyond the linear focal point: (top) experiment, (bottom) numerical
computation from the 2D model (65a) and (65b).

that many filaments are created before the linear focus. These filaments then fuse near the focus
into three strings of light acquiring a high directivity afterwards (Skupin et al 2004b). The
same experimental setup (figure 30) put in evidence the robustness of femtosecond filaments
through a multitude of 1 µm large water droplets randomly distributed at various densities in
the 10 m long cloud chamber. A filament is still transmitted through a cloud with an optical
thickness as high as 3.2. For a cloud optical density of 1.2 or below, corresponding to cumulus
or stratocumulus, the filamentation does not seem affected. Filaments remain visible at the
exit of the fog even for a droplet concentration so high (8.6×104 cm−3) that each filament hits
on average 2000 droplets per propagation metre. The corresponding extinction coefficient is
0.2 m−1. Hence, filamentation can be transmitted through a fog over distances comparable with
the visibility length. Energy losses due to random collisions imply an exponential decrease of
power, which modifies the number and position of the filaments in the bundle (Méjean et al
2005). Such experiments, whose results are recalled in figure 31, permitted estimation of the
power per filament to about 5 Pcr ∼ 15 GW in air (see bottom panel).

Pulse propagation in adverse weather becomes an important topic for LIDAR applications.
In this context, Kandidov et al (1999) addressed the point of the nucleation of filaments
in a turbulent atmosphere supporting statistical fluctuations of the refractive index. These
fluctuations naturally arise as the medium becomes, e.g. locally heated. On the basis of a
phase screen model, the cubic NLS equation including statistical variations of the linear optical
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Figure 30. Open cloud chamber. The cloud spans over 10 m.

Figure 31. Modification of a filamentation pattern with ∼120Pcr over 50 m: (a) in dry air and
(b) after traversing a 10 m long tube of fog. The bottom panel reports the filament number versus
the transmitted power over critical.

index (Kolmogorov turbulence) describes random paths for the nucleation and position of the
nonlinear focus. This focus appears on the average shorter compared with unperturbed air and
the beam centroid moves along a random path in the (x, y) plane. This induces a transverse
deflection of the beam axis by several mm, which was later observed from experimental
averaged data (Chin et al 2002b). Besides this beam wandering, femtosecond filaments keep
their position stable relatively to the bundle in highly turbulent regions, as the index variation
caused by the nonlinearity exceeds turbulent-induced refractive-index gradients by two orders
of magnitude (Ackermann et al 2006b).

Furthermore, the influence of pressure variations on TW laser pulses was recently
investigated. This issue is timely, as filaments propagating vertically over several km undergo
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an exponential decrease of the local pressure, p(z) = p0e−z/La , where La = 8 km is
the attenuation length for air density (Sprangle et al 2002). Pressure variations induce
proportional changes in the GVD coefficient, the Kerr refractive index and molecule density
available for ionization, as recalled by equation (76). At reduced pressure (0.7 atm),
experiments performed at 3230 m altitude above sea level revealed farther filamentation
onset and reduction of the filament number linked to the decrease of n2(p) by 30%
(Méchain et al 2005b). The filamentation process, especially the filament length, was
shown to be qualitatively unaffected. Numerical simulations in this field specified that
a single atmospheric filament does not indeed significantly change its self-channeling
range and keeps an almost constant peak intensity. In contrast, the plasma level, the
filament width (equations (70a) and (70b)) and the nonlinear focus (50) evolve with
p and

√
p, respectively, due to the effective increase of Pcr(n2). Multifilamentation

patterns have their onset distance governed by the maximum rate for modulation instability
γmax ∼ 1/n2(p)I0 (see equation (68)). This length thus varies linearly with air pressure
(Champeaux and Bergé 2006).

7.1.4. White-light generation. The white-light continuum generated in air by ultrashort laser
pulses is essential in view of LIDAR applications, since it constitutes the light source used
in multipollutant remote sensing. This white-light was characterized over recent years with
progressively extending bandwidths. The supercontinuum was first characterized in the visible
(Alfano and Shapiro 1970, Nishioka et al 1995). Kasparian et al (2000b) then investigated the
infrared region. Two different terawatt CPA laser systems (A: 60 mJ energy, 35 fs minimal pulse
duration, 25 mm FWHM beam diameter; B: 100–200 mJ, 100 fs minimal pulse duration, 35 mm
FWHM diameters) produced spectra measured at a total distance of ∼30 m from the lens, as
the laser beam was diffracting after 20 m of filament propagation. Illustrated in figure 32(a),
the continuum band developed from laser system A is very broad, extending at least to 4.5 µm.
An almost exponential decay over 4 orders of magnitude up to 2.5 µm is observed, followed
by a slower decay of one order of magnitude only. As shown from the inset plotting results
from laser system B, variations in the input energy make the spectral intensity change by only
one decade in certain wavelength regions. The spectral shape of the different pulses remains,
nevertheless, quite similar. Extension to the UV-visible domain down to 230 nm (figure 15) is
not represented, as it was detected later. For comparison, figure 32(b) shows the numerically
computed spectrum of a 2 mm waisted, 4Pcr ∼ 10 GW, 127 fs pulse after a single femtosecond
filament has been generated in air from the full FME model (43). The experimental and
numerical spectral shapes are similar up to 1.2 µm. Differences, however, occur at larger
wavelengths, as space-time focusing and self-steepening shorten the red parts of the spectrum.
Discrepancies at relative spectral intensities <10−3 in the red wings may be attributed to
differences in the input pulse, which can be chirped or not, as well as to uncertainties in the
experimental measurements at such low intensity levels. Recovering quantitative agreements
between experimental data and numerical simulations over long distances in air is still an open
issue.

The similarity of white-light spectra emitted by TW laser pulses (experiments)
and GW pulses suggests that the multifilamentation produces a spectrum analogous to
that generated by a single filament. This conclusion is consistent with Chin et al’s
(2002a) experimental observations about the coherence properties of femtosecond filaments.
Observation of the interference pattern produced by two or more filaments allowed to predict
that they emerge in phase from the background field and they possess the same phase
relationship. This means that the laser spectrum around the central wavelength in the
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Figure 32. (a) Measured white-light spectrum by 2 TW laser pulses (laser system A). Chirp
settings correspond to 35 fs initial pulse duration without chirp (filled symbols) and 55 fs initial
pulse duration with negative chirp (open symbols). Inset: spectrum measured from laser system B.
The two curves have the same normalization factor. (b) Power spectrum integrated over a radius of
150 µm around a single filament at z = 8 m (- - - -) and z = 17 m (——), numerically computed
from equation (43).

conditions of multiple filamentation is in principle identical to that developed by an isolated
filament.

The previous property is important for LIDAR applications, because it suggests that
the comprehension of the spectral dynamics of one filament is sufficient for understanding
that of multifilamented beams. In addition to the wide spectral region covered by nonlinear
femtosecond pulses, the strong enhancement of the backscattered photons in the filamentation
regime makes ultrashort laser pulses quite promising tools for the remote identification of
multipollutants in aerosols. Indeed, the supercontinuum emitted by a filament is enhanced in
the backward direction (see equation (14)), i.e., towards the laser source. Measured at a small
angle (∼3◦) from the backward axis (located at 180◦ from the forward-scattering axis), the
white-light emitted by femtosecond filaments was found to be greater by at least a factor 2 than
the linear Rayleigh–Mie scattering (Yu et al 2001). It is expected to be even higher at exactly
180◦, as the estimated ratio between the self-reflection factor and Rayleigh backscattering
efficiency can approach 40. This nonlinear enhancement has been attributed to laser-induced
longitudinal refractive index changes. It partly compensates the decrease in 1/r2 (r being
the observation distance) of linearly backscattered LIDAR signals. This explains why, as
mentioned above (section 7.1.1), the white-light generated by femtosecond sources can be
observed up to the stratosphere (Béjot et al 2007, Rodriguez et al 2004).
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7.2. Remote sensing (LIDAR) applications

7.2.1. Principle of LIDAR: towards ‘femtolidars’. The LIDAR (light detection and ranging)
technique (Fujii and Fukuchi 2005, Measures 1984, Theopold et al 2005, Wolf 2000) was
demonstrated shortly after the advent of the first lasers. A laser pulse is emitted into the
atmosphere. The backscattered light is collected on a telescope and detected as a function
of time, with a typical resolution of 1–10 ns. This temporal window yields a high spatial
resolution, since the flight time of the detected photons is directly proportional to the
distance where they have been backscattered. Such a spatial resolution, combined with
the possibility of sweeping the laser beam, provides two- and three-dimensional maps of
measured atmospheric species. This is the main advantage of LIDAR over other measurement
methods for atmospheric trace gases. One of the most popular LIDAR techniques is called
DIAL (differential absorption LIDAR). It allows selective measurement of the concentration
of gaseous pollutants by comparing the LIDAR signals at two nearby wavelengths, one being
on an absorption line of the pollutant, and the other just beneath. However, this method
is basically limited to pollutants that exhibit a narrow absorption line without interference
from the absorption spectra of other atmospheric compounds. Moreover, the need to tune the
laser wavelength on the absorption line forbids simultaneous identification of more than one
pollutant within one acquisition.

Femtosecond LIDARs (or so-called ‘femtolidars’) overcome classical DIAL limitations.
Exploiting the ‘femtosecond atmospheric lamp’ discovered in 1997 by Wöste et al (1997),
high power ultrashort laser pulses can be shined vertically into the sky, where they generate
white-light through the filamentation mechanism. The backscattered light, recorded with
a telescope linked to a time-gated spectrometer, then provides a fascinating vector for
atmospheric research over km ranges (Rairoux et al 2000, Rodriguez et al 2004). The
spectral bandwidth developed by fs filaments is very broad, since it spans at least from 230 nm
in the ultraviolet to 4.5 µm in the mid-infrared (figure 33). On the spectrum, the absorption
band of water between 1.8 and 2.5 µm is clearly visible, showing the potential of white-light
for optical remote sensing in the atmosphere. It also covers the absorption band of volatile
organic compounds (VOCs) between 3 and 3.5 µm. VOCs constitute a family of organic
compounds with strongly overlapping absorption spectra, which prevents any measurement
by classical DIAL techniques. In addition, the flat continuum spanning from the visible down
to 230 nm (see figure 15) provides a promising light source for the measurement of trace gases
that absorb in the blue or the UV, such as ozone, toluene, benzene, SO2 or nitrogen oxides.
Recently, femtosecond laser-induced filaments were also applied for greenhouse gas methane
(CH4) in air (Xu et al 2006a). Intense filaments dissociate pollutant molecules into small
fragments, which emit characteristic fluorescence. This can be used to remotely measure the
pollutant concentration at characteristic spectral lines.

Besides, multiparameter measurements are necessary to monitor the dynamics of
atmospheric physico-chemistry or to remotely analyze a cocktail of species emitted during
a chemical accident. They are also requested to characterize the nucleation and maturation of
clouds. Such processes play an important role in atmospheric modeling, both on meteorological
and climatological scales. In particular, the droplet growth and related density have a key
influence on the forecast of both precipitations and earth albedo. Their characterization
requires continuous measurements of the size distribution inside the clouds, with a temporal
resolution of a few tens of minutes, compatible with the evaporation and growth time ranges.
While airborne measurements are too expensive for routine monitoring, radiosounding does
not provide the adequate repetition of probing. Therefore, optical techniques are promising,
and they can be made optimal with fs laser pulses. As an example, a high resolution absorption
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Figure 33. Spectrum of the white-light continuum assembled from five spectral regions. Main
atmospheric absorption bands are marked above the curve.

Figure 34. High resolution atmospheric absorption spectrum from an altitude of 4.5 km measured in
a LIDAR configuration. The broad spectrum allowed to simultaneously measure the air temperature
and humidity.

spectrum over a spectral interval larger than 200 nm is shown in figure 34, based on the white-
light continuum, providing both the water vapor concentration and the temperature of air
(Bourayou et al 2005, Kasparian et al 2003). Once combined, these two parameters supply
the relative humidity, which is the relevant factor for atmospheric dynamics. Moreover, angular
measurements of the multiple scattering yield the size distribution and concentration within
the clouds, through an inversion of the laws of multiple Mie scattering based on a genetic
algorithm. These measurements require the same laser source and two independent detectors.
With fs LIDAR setups, they can be implemented simultaneously so as to yield a complete
characterization of the cloud microphysics.

‘Femtolidars’ are not restricted to the white-light LIDAR. The high intensities carried
in the filaments can generate nonlinear effects in situ on a target. Such nonlinear processes,
which include ablation, ionization and multiphoton-excited fluorescence (M-PEF), constitute
a supplementary information channel for remote sensing. An example of this technique has
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Figure 35. Remote detection and identification of bioaerosols. The femtosecond laser illuminates
a plume of riboflavin containing microparticles 45 m away (left). The backward emitted 2-photon
excited fluorescence (2-PEF), recorded as a function of distance and wavelength, exhibits the
specific fluorescence signature of riboflavin for the bioaerosols (middle) but not for haze (right).

been provided by the remote detection and identification of biological aerosols through 2-PEF
LIDAR (Méjean et al 2004). Here, the purpose was to detect and locate rapidly a suspect
emission, to map the emitted cloud, and to identify potentially pathogenic agents among
the multiple background atmospheric aerosols, including organic compounds such as soot
or pollen. The 2-PEF allowed, for the first time, to remotely identify aerosols simulating
biological agents in air by nonlinear LIDAR (figure 35). Moreover, collected signals based
on N-PEF become more efficient than LIDAR signals based on 1-PEF for distances above a
few kilometres. This is due to two effects: (i) the directional emission of the N-PEF from the
aerosol particles minimizes the decrease of the collection efficiency with increasing distances
(Boutou et al 2002), and (ii) the visible or near-infrared wavelengths used for exciting N-PEF,
compared with the UV wavelength required for 1-PEF, experience less attenuation in the
atmosphere because of the 1/λ4 dependence of the Rayleigh scattering.

7.2.2. Remote filament-induced breakdown spectroscopy. The ability of the filaments
to remotely deliver intensities as high as 50 TW cm−2 also opens the way to innovative
exploration techniques, such as ‘remote filament-induced breakdown spectroscopy’ (R-FIBS)
(Stelmaszczyk et al 2004). This consists of a combination of LIDAR and LIB spectroscopy
(LIBS). LIBS (Cremers and Knight 2000, Cremers and Radziemski 2006) is a versatile tool
allowing an elemental analysis of surfaces of materials such as metals (Angel et al 2001),
plastics (Niessner 1994, Jong-Il et al 2002), minerals (Knight et al 2000, Sharma et al 2003,
Wiens et al 2002), aerosols, biological materials (Kyuseok et al 1997) or liquids as well. It
relies on the local ionization of the surface by a strongly focused pulsed laser, typically a
Nd : YAG laser. The emission spectrum of the plasma generated at the surface allows a fast
analysis, either qualitative or quantitative, with detection limits down to a few parts per million
(ppm) for some elements. The use of subpicosecond laser pulses significantly enhances the
reproducibility of the measurements, because the lower pulse energy limits the heating of the
sample (Albert et al 2003, Angel et al 2001, Dou et al 2003, Rohwetter et al 2003). The
use of broadband detection systems makes LIBS a flexible technique which requires neither
preparation of the sample, nor a priori knowledge of the elements to be found. Applications
such as the identification of highly radioactive nuclear waste or real-time monitoring of melted
alloys in industrial processes need a remote analysis technique. LIBS, which is suitable for raw
samples, is a good candidate in this regard, since it requires only a direct view of the sample.
However, due to the limited size of the optical components, diffraction intrinsically limits
the intensity that can be focused on a remote target. On the contrary, self-guided filaments
can deliver much higher intensities than the ablation threshold of many species, at distances of
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Figure 36. Principle of remote filament-induced breakdown spectroscopy (R-FIBS). Bottom:
beam profile near the sample showing multifilamentation with typically 30 filaments across the
beam (Stelmaszczyk et al 2004).

hundreds of metres or even kilometres. So, in R-FIBS techniques, the laser-generated filaments
are launched on a remote target, and the light emitted by the excited plasma plume is collected
through a detection setup comparable to a LIDAR-based one (figure 36). Although issued
from 180 m distances (Stelmaszczyk et al 2004), the data suggest that measurements can be
dimensioned up to the kilometre range (Rohwetter et al 2003). This technique is currently
being developed for various applications, e.g. the monitoring of heritage (Tzortzakis et al
2006) or bacteria (Baudelet et al 2006, Xu et al 2006b).

7.3. Towards a laser lightning rod

Besides remote sensing applications, ultrashort filaments may give access to the control of
lightning strikes. Classical techniques to trigger lightning have employed rocket-pulled wires
since the 1970s. However, the number of rockets available per storm is necessarily limited and
rockets must be launched synchronously with the rise of the ambient electric field. Moreover,
the wire falling down may pollute the measurement as well as the environment. Therefore,
the idea emerged to apply lasers to control lightning by ionizing the ambient air along the
beam and forming a conducting plasma ‘wire’. First attempts used nanosecond pulses (Ball
1974, Koopman and Wilkerson 1971, Miki et al 1993). They were unsuccessful, because
such lasers could not produce continuously ionized plasma channels. More recently, this
field was renewed by the advent of CPA lasers providing higher intensities in shorter pulses,
therefore avoiding laser absorption by inverse bremsstrahlung. Encouraging results have been
obtained using focused ultrashort laser pulses to trigger and guide high voltage discharges over
several metres in the laboratory (Comtois et al 2000, Pépin et al 2001, Ting et al 2005a).
Others have been obtained on smaller scales using UV ultrashort lasers (Rambo et al 2001).
Since the filaments provide a conducting path over several metres or even longer, they are
particularly suitable for the atmosphere. Spectacular experiments with the Teramobile laser
installed in a high voltage facility showed that ultrashort filaments can guide discharges over up
to 4.5 m (Ackermann et al 2006a). Instead of their usual erratic path, discharges are guided
along the triggering laser beam (figure 37). Moreover, the breakdown voltage is typically
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Figure 37. Laser control of high voltage discharges. (A) Experimental setup. (B) Free discharge
over 3 m, without laser filaments. Note the erratic path. (C) Straight discharge guided along laser
filaments (Kasparian et al 2003).

reduced by 30% (Rodriguez et al 2002). Partly guided discharges also occur in sphere-plane
gaps, yielding valuable information about the mechanism of the initiation and propagation
of laser-triggered streamers, with, e.g. plasma lifetimes of about 1 µs (Ackermann et al
2006a). Furthermore, an artificial rain does not prevent the laser filaments from triggering
such discharges (Ackermann et al 2004). Current research now focuses on the possibility of
extending the plasma lifetime, in order to increase the guiding length and improve scalability
to the atmosphere. This approach relies on re-heating and photodetaching electrons of the
plasma channel by subsequent pulses, either in the nanosecond (Rambo et al 2001) or in the
femtosecond regime (Hao et al 2005a). Although high laser powers are usually believed to
efficiently detach electrons from O−

2 ions in the plasma, it was recently demonstrated that a
subsequent Nd : YAG laser pulse of moderate energy (sub-Joule) at 532 nm efficiently supports
the triggering of discharges by an infrared, femtosecond laser (Méjean et al 2006a). This effect
was interpreted as resulting from a positive retroaction loop where Joule heating of the plasma
channel enhances photodetachment, while the resulting higher electron density boosts in turn
the Joule effect.
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8. Outlook

Femtosecond lasers opened up beam parameter ranges from which universal, robust ultrashort
filamentary structures conveying high intensities can propagate over long distances in a rich
variety of transparent media. These ‘femtosecond filaments’ are characterized by sizes of
a few tens up to hundreds of microns and can reach ultrashort FWHM durations down to
the optical cycle limit. They design new objects, which can be exploited for delivering few-
cycle pulses at very high power levels in the future. Ionization processes do not break this
property. They even amplify it by cutting the back time slices of the pulse. An accurate
control of plasma generation should push the frontiers in nonlinear optics and allow for a
precise monitoring of high-order harmonics. The basic scenario of a dynamical balance
between Kerr focusing and plasma defocusing explains the existence and the long life of
femtosecond filaments in most of the propagation configurations. This scenario must, however,
be revised at visible wavelengths in dense materials, in which chromatic dispersion and
nonlinear absorption drive the self-guiding mechanism through an important conical emission
managed by X-shaped waveforms in normally dispersive regimes. This aspect requires
more investigations. Also, propagation regimes of anomalous dispersion, which promote
temporal compression and may further improve self-compression techniques, should be
probed.

In recent years, impressive progress has been made in the understanding of the nonlinear
propagation of high power laser pulses over long distances in the atmosphere. For broad beams,
multiple filamentation becomes more and more controllable by the use of deformable mirrors
and genetic algorithms. Besides classical techniques of linear focusing and phase chirping, this
will soon enable experimentalists to optimize the propagation range of very powerful pulses.
Filaments can therefore be used to remotely deliver high intensities generating in situ nonlinear
effects. The spectrum of the white-light continuum is much broader than that expected a few
years ago, especially in the ultraviolet where the mixing between the fundamental and third
harmonic wavelengths together with the spectral amplification caused by pulse steepening
gives rise to a spectral plateau extending down to 230 nm. Progress in these areas opens the
way to applications such as remote sensing of gaseous pollutants and aerosols by LIDAR,
LIBS analysis of solid samples or the control of high voltage electric discharges and lightning
strikes. Due to its mobility, the Teramobile allowed to demonstrate the feasibility of many
of these techniques. These applications will probably be pushed forward in the future by
technological improvements involving more compact systems, diode pumping, as well as
spatial and temporal pulse shaping. Novel active media, such as ytterbium doping or optical
parametric chirped-pulse amplifiers, also open the way to new spectral regions, especially the
infrared. This spectral domain, where eye safety constraints are easier to fulfill, is nearer the
absorption region of many pollutants, such as volatile organic compounds. These more flexible
systems will be easier to operate, allowing routine uses for future industrial or atmospheric
applications.
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Appendix A. List of abbreviations

Abbreviations Meaning
4 WM four-wave mixing
ADK Ammosov, Delone, Krainov
CCD charge coupled device
CE conical emission
CPA chirped-pulse amplification
DIAL differential absorption lidar
EMP electromagnetic pulse
FME forward Maxwell equation
FWHM full width at half maximum
GVD group-velocity dispersion
HHG high harmonic generation
IR, UV infrared, ultraviolet
LIB(S) laser-induced breakdown (spectroscopy)
LIDAR light detection and ranging
M-PEF multiphoton-excited fluorescence
MI modulational instability
MPA multiphoton absorption
MPI multiphoton ionization
NEE nonlinear envelope equation
NLS nonlinear Schrödinger (equation)
PPT Perelomov, Popov, Terent’ev
R-FIBS remote filament-induced breakdown spectroscopy
SPIDER spectral phase interferometry for direct electric-field reconstruction
SPM self-phase modulation
TH third harmonic
UPPE unidirectional pulse propagation equation
VOC volatile organic compound
(X)FROG (crossed) frequency resolved optical gating
XPM cross-phase modulation
XUV extreme ultraviolet

Appendix B. Ionization rates for atoms and molecules

This appendix details different photo-ionization theories for gases and dense materials.

Appendix B.1. Ionization in gases

Appendix B.1.1. Keldysh theory. To model the generation of free electrons by an intense
light field interacting with a gas, Keldysh first derived a photo-ionization rate for atomic
systems (Keldysh 1965). Keldysh theory is limited to hydrogenoid atoms in their fundamental
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electronic state and does not consider the Coulomb interaction between the leaving electron and
the residual ion. The ionization rate of an atom irradiated by a laser field �E(t) = �Ep cos(ωt)

is evaluated by

W = q2
e

h̄2 lim
t→∞

∫
d �p

(2πh̄)3

d

dt

∣∣∣∣∫ t

0
dt ′ cos(ωt ′)〈� �p(�r, t ′)|�r · �Ep|�g(�r, t ′)〉

∣∣∣∣2

, (B1)

where qe is the electron charge and the ground state of the hydrogenlike atom, characterized
by the energy Eg = −Ui (ionization potential), is

�g(�r, t) = 1√
πa3

e− r
a e− i

h̄
Egt . (B2)

Here, a = aB/Z includes the Bohr radius aB of hydrogen. The continuum electronic states
are described with the Volkov functions

� �p(�r, t) = e
i
h̄

[( �p+qe �A(t))·�r− 1
2me

∫ t

0 dt ′[ �p+qe �A(t ′)]2], (B3)

where �A(t) is the vector potential of the laser field. Insertion of (B2) and (B3) into equation (B1)
and integration over the spatial coordinates result in the expression

W = 2

h̄2 lim
t→∞ Re

[∫
d �p

(2πh̄)3
×

∫ t

0
dt ′ cos(ωt) cos(ωt ′)L( �p, t ′)L∗( �p, t)

]
, (B4)

where ∗ means complex conjugate and

L( �p, t) = V0

[
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ω
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]
e
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h̄
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2me
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V0( �p) = −i8qe
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 . (B5b)

The function L( �p, t) is periodic, with period equal to T = 2π/ω. It can then be decomposed
into Fourier series. Plugging this series into equation (B4) leads to

W = 2π
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with

L( �p) = 16iqe
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Assuming that the electron leaves the atom with a small kinetic energy ( p2

2me
	 Ui), the poles

in the denominator of L( �p) are written as

u±
s = iγ

[
±1 + i

p cos(θ)√
2meUi

± p2 sin2(θ)

2meUi

]
, (B8)

where θ is the angle between the impulsion vector �p and the electric field �E(t).
γ = ω

√
2meUi/(|qe|Ep) is the adiabaticity Keldysh parameter. It involves the ratio of the
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ionization potential over the ponderomotive energy Up ≡ q2
e E2

p/4meω
2. By means of the

saddle point method and the residue theorem, equation (B7) is next integrated to yield

W = 4
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2ω
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] 3
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where Ũi ≡ Ui + Up and S(γ, x) is defined by

S(γ, x) =
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To take electron–ion correlation into account, Keldysh eventually multiplies the ionization rate
by the factor (Ui/h̄ω)γ /

√
1 + γ 2. Expressed in atomic units (a.u.) me = |qe| = h̄ = aB = 1

(Bransden and Joachain 2003), the resulting ionization rate expresses

W = 2
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(B11)

where E0 = (2Ui)
3/2, γ = ω

√
2Ui/Ep, ν = Ũi/[h̄ω]a.u., β = 2γ /

√
1 + γ 2, α =

2[sinh−1(γ ) − γ /
√

1 + γ 2], ν0 =< ν + 1 > and �m(x) = e−x2 ∫ x

0 (x2 − y2)|m|ey2
dy.

Equation (B11) differs from the original Keldysh formulation by a factor of 4, originating
from a corrected version of the residue theorem.

This theory was the first one able to describe atom ionization by an alternating field in the
low intensity regime (γ � 1) as well as in the high intensity regime (γ 	 1). The former
regime refers to multiphoton ionization (MPI), through which the electron is freed as the atom
absorbs K = 〈Ui/(h̄ω) + 1〉 photons. The latter one corresponds to the tunnel regime, for
which the electron leaves the ion by passing through the Coulomb barrier. In MPI regime, the
ionization rate is obtained by taking the limit γ → +∞ in equation (B11), which reduces to

W = σ (K) × IK, (B12)

where I is the laser intensity and σ (K) is the photo-ionization cross-section

σ (K) = 4
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)
. (B13)

Expressed in s−1 cm2K /WK , the above ‘cross-section’ parameter must be converted as σ (K) →
σK ≡ σ (K)[a.u.]/[2.42 × 10−17 × (3.51 × 1016)K ].

Appendix B.1.2. The PPT theory. Later, Perelomov et al (1966, 1967) developed a more
accurate model. First, they included the Coulomb interaction between the ion and the electron,
when the latter leaves the atomic core. Second, they considered any atomic bound states as
initial. The resulting rate is then

W = 4
√

2

π
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where n∗ = Z/
√

2Ui is the effective quantum number, Z is the residual ion charge, l∗ = n∗−1
and n, l, m are the principal quantum number, the orbital momentum and the magnetic quantum
number, respectively. The factors |Cn∗,l∗ | and f (l, m) are

|Cn∗,l∗ |2 = 22n∗

n∗�(n∗ + l∗ + 1)�(n∗ − l∗)
, (B15a)

f (l, m) = (2l + 1)(l + |m|)!
2|m||m|! (l − |m|)! . (B15b)

Even if equation (B14) is usually presented as the PPT formula, the coefficients |Cn∗,l∗ | are
in fact extracted from the tunneling theory derived by Ammosov et al (1986). Differences
between PPT and ADK coefficients essentially lie in the fact that ADK theory employs electron
wavefunctions in a Coulomb potential (Volkov states), which are connected by continuity with
the continuum states at large distances (r � 1/

√
2Ui).

Appendix B.1.3. The ADK molecular theory. The PPT rate (equation (B14)) holds to describe
photo-ionization of atoms. It can lead to some discrepancy when it is applied to molecular
systems, because the coefficients |Cn∗,l∗ |, originally evaluated from atomic wavefunctions,
cannot reproduce molecular peculiarities, such as, for example, the suppression of ionization
observed from the molecule O2 (DeWitt et al 2001). To overcome such limitations, we may
extend the molecular tunneling theory by Tong et al (2002) by plugging molecular coefficients
into the tunnel limit of the PPT formula and prolonging the latter to low intensity MPI regimes
analytically. By doing so, equation (B14) is able to describe molecule ionization after the
substitution

|Cn∗,l∗ |2f (l, m) →
[∑

l
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(2Ui)(n
∗/2)+(1/4)

√
(2l + 1)(l + |m|)!
2|m||m|!(l − |m|)!

]2

, (B16)

where the coefficients Cl have been established for different molecules. For dioxygen,
C2 = 0.683 and C4 = 0.033 while C1=C3=0, and m = 1 (Tong et al 2002).

Appendix B.2. Ionization in dense media

Plasma generation in dense media is described with the rate for crystals developed by Keldysh
(1965). Its analytical evaluation is identical to that applying to atoms, except that the initial
states are now modeled by Bloch wave functions. Following a similar procedure, the ionization
rate for crystals with energy gap Eg irradiated by an electromagnetic field Ep cos(ωt) is

W = 2ω

9π
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−Ē

(
γ 2

1+γ 2

)
Ē
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(B17)
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with γ = ω
√

m∗Eg/(|qe|Ep), m∗−1 = me
−1 + mh

−1,

Ẽg = 2

π
Eg

√
1 + γ 2

γ
Ē

(
1

1 + γ 2

)
, (B18a)

Q(γ, x) =
√√√√ π

2K̄
(

1
1+γ 2

) ×
+∞∑
n=0

e
−πn

 K̄
(

γ 2

1+γ 2

)
−Ē

(
γ 2

1+γ 2

)
Ē
(

1
1+γ 2

) 

×�0


√√√√√π2

4

2〈x + 1〉 − 2x + n

K̄
(

1

1 + γ 2

)
Ē

(
1

1 + γ 2

)
 . (B18b)

Here, the functions K̄(x) ≡ ∫ π/2
0 (1 − x sin2 θ)−1/2 dθ and Ē(x) ≡ ∫ π/2

0 (1 − x sin2 θ)1/2 dθ

are the complete elliptic integrals of the first and second kind (Abramovitz and Stegun 1972)
and m∗ is the reduced mass for the electron/hole pair. The above equation corrects a slip of
pen in the original Keldysh’s formula. Whereas W for gas (equation (B11)) is expressed per
time unit, W for condensed media (equation (B17)) is expressed per time unit and per cubic
metre. This ionization rate reduces at low intensities to its multiphoton limit (γ → +∞) taking
the form

W = σ (K) × IK, (B19)

where

σ (K) = 2ω

9π

(
m∗ω
h̄

) 3
2

�0

(√
2

(
K − Eg

h̄ω

))
e2K

(
q2

e

8m∗ω2Egε0cn0

)K

. (B20)

Appendix C. Atomic dipole for high harmonic generation

The nonlinear polarization vector �PNL(�r, t) used to describe HHG in gases is expressed as

�PNL(�r, t) = ρnt �d(�r, t), (C1)

where �d(�r, t) is the time-dependent atomic dipole calculated by Lewenstein et al (1994). For
a single electron interacting with a linearly polarized laser field �E(t) = Epx̂ cos(ωt), the
atomic dipole is defined by

�d(�r, t) = qe〈ψ(�r, t)|�r|ψ(�r, t)〉. (C2)

Solving the time-dependent Schrödinger equation, ψ(�r, t) denotes the electronic wavefunction

|ψ(�r, t)〉 = ei Ui t
h̄ ×

[
|0〉 +

∫
d3v b(�v, t) |v〉

]
, (C3)

where Ui is the ionization potential of the atom, |0〉 is the ground state and b(�v, t) is the
amplitude of the continuum states |v〉, respectively. In equation (C3), several assumptions
have been made, which limits the validity domain of this theory.

• All excited electronic states are ignored, reducing the model to harmonic orders 2K + 1 �
Ui
h̄ω

.
• The depletion of the ground state is neglected such that the ground state amplitude is equal

to 1.
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• Electrons in the continuum are treated as free particles moving in an oscillating laser field,
with no Coulomb potential. This assumption is valid when the ponderomotive energy Up

is higher than Ui.

Inserting (C3) into equation (C2), we obtain

�d(t) = i
q2

e Epx̂

h̄ω

∫ ωt

0
d(ωt ′) cos(ωt ′)

∫
d3p d∗

x[ �p + qe �A(t)]

×e−i S( �p,t,t ′)
h̄ω × dx[ �p + qe �A(t ′)] + c.c., (C4)

where �d( �p + qe �A(t)) is the field-free dipole transition matrix element between the ground
state and the continuum state characterized by the momentum �v = �p + qe �A(t). Here, �p is the
canonical momentum and �A(t) is the vector potential of the laser field [ �E(t) = −∂ �A(t)/∂t].
Its formulation for transition from state |1s〉 is

�d( �p) = −ih̄
27/2

π
(2meUi)

5/4 �p
( �p2 + 2meUi)3

, (C5)

where me is the electron mass. S( �p, t, t ′) is the quasi-classical action describing the motion
of an electron freely moving in the laser field with constant momentum �p as

S( �p, t, t ′) =
∫ ωt

ωt ′

{
Ui +

[ �p + qe �A(t ′′)]2

2me

}
d(ωt ′′). (C6)

The harmonic amplitude �d2K+1 follows from Fourier transforming the time-dependent dipole
moment �d(t)

�d2K+1 = 1

T

∫ T

0

�d(t) ei(2K+1)ωt dt. (C7)

For isotropic media, only odd harmonics are produced. The dominant contributions to �d2K+1

come from the stationary points of the Legendre-transformed quasi-classical action, for which
the derivatives of S( �p, t, t ′)− (2K + 1)h̄ω ×ωt with respect to �p, t and t ′ vanish. Introducing
the returning time τ = t − t ′, the saddle point equations read

�∇�pS = �pstωτ + qe

∫ ωt

ω(t−τ)

�A(t ′′) d(ωt ′′) = 0 (C8a)

∂S

∂(ωτ)
= Ui +

[ �pst + qe �A(t − τ)]2

2me
= 0 (C8b)

∂S

∂(ωt)
= [ �pst + qe �A(t)]2

2me
− [ �pst + qe �A(t − τ)]2

2me
= (2K + 1)h̄ω. (C8c)

Equation (C8a) reduces to �∇�pS( �p, t, t ′) = �x(t) − �x(t ′) = �0, where �x(t) ≡ ∫ t

0 v(t ′) dt ′. This
relation imposes that the electron trajectories return at time t to the same point they left at the
time t ′ of ionization. Using equations (C8b) and (C8c) together with the Fourier expansion
of [( �pst + qe �A(t − τ))2/(meh̄ω) + 2Ui/(h̄ω)]−3 yields the final expression for the Fourier
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Figure 38. Three-dimensional view of the Teramobile. (L): Laser system: Ti : Sa oscillator and its
Nd : YAG pump laser (L1), stretcher (L2), regenerative amplifier, multipass preamplifier (L3) and
their Nd : YAG pump laser (L4); Multipass main amplifier (L5) pumped by two Nd : YAG units (L6);
Compressor (L7). (S) Beam expanding system; (C) power supplies; (D) LIDAR detection system.

component of the dipole, i.e.

�d2K+1 = −i
qe

(
Up

h̄ω

) 3
2 32h̄

π2

(
2Ui

h̄ω

) 5
2

(2K + 1)3
√

meh̄ω

∞∑
M=−∞

∫ +∞

0
d�

[
π

ε + i �
2

] 3
2

bM(�)e−i FK (�)

h̄ω iK−M

×
{

− B(�)JK−M+2

(
UpC(�)

h̄ω

)
− iB(�)ei�JK−M−1

(
UpC(�)

h̄ω

)
+ i[B(�)ei� + D(�)]JK−M+1

(
UpC(�)

h̄ω

)
+ [B(�) + D(�)ei�]JK−M

(
UpC(�)

h̄ω

) }
, (C9)

where FK(x) = (Ui + Up − Kh̄ω)x − 2Up[1 − cos(x)]/x, B(x) = − 1
2 + sin(x)/x −

2 sin2(x/2)/x2 and D(x) = −2B(x) − 1 + cos(x). Jj (·) refers to the Bessel function of
j th order. The function bM(�) has a cumbersome expression, whose analytical methods to
compute it can be found in (Antoine et al 1996).

Appendix D. The Teramobile laser

Field experiments are required to characterize the filamentation over long distances as well
as to develop atmospheric applications in real scale. Such experiments demand mobility to
perform investigations at adequate locations. Studies of high power fs laser beam propagation
over km-range distances can only be performed outdoors, where relevant aerosol pollutants are
present, e.g. in urban areas or at industrial sites. Laser-induced lightning investigations require
spots where the lightning probability is high, as well as test experiments at high voltage
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facilities. These considerations clearly define the need for a mobile fs-TW laser system,
embedded in a standard freight container-integrated laboratory equipped with the necessary
LIDAR detection, power and cooling supplies, temperature stabilization, vibration control,
and an additional standard LIDAR system to assure eye safety. These specifications were
first achieved by the Teramobile system (Wille et al 2002). The laser itself is based on a
Ti : sapphire CPA oscillator and a Nd : YAG pumped Ti : Sa amplification chain. It provides
350 mJ pulses with 70 fs duration resulting in a peak power of 5 TW at around 800 nm and with
a repetition rate of 10 Hz. Its integration in the reduced space of the mobile laboratory required
a particularly compact design (figure 38). The classical compressor setup has been improved
into a chirp generator to pre-compensate the group velocity dispersion in air. Combined with
an adjustable focus, this permits control of the location of filamentation onset and its length.
Mechanical and thermal stabilities of the mobile laboratory are kept under control, so that
the Teramobile can be transported to any place in the world and operated even under adverse
weather conditions.

The Teramobile container also includes a LIDAR detection chain based on a 40 cm
receiving telescope, a high-resolution spectrometer equipped with a set of gratings and detectors
allowing simultaneous temporal and spectral analysis of the return signal in a wavelength range
from 190 nm to 2.5 µm.
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Bergé L 2004 Phys. Rev. E 69 065601
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Bergé L, Germaschewski K, Grauer R and Rasmussen J J 2002 Phys. Rev. Lett. 89 153902
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Fraǐman G M 1985 Sov. Phys.—JETP 61 228
Fujii T and Fukuchi T (ed) 2005 Femtosecond White-Light Lidar (New York: Dekker)
Gaeta A L 2000 Phys. Rev. Lett. 84 3582
Gaeta A L and Wise F 2001 Phys. Rev. Lett. 87 229401
Gatz S and Herrmann J 1997 J. Opt. Soc. Am. B 14 1795
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Méjean G, Kasparian J, Yu J, Frey S, Salmon E, Ackermann R, Wolf J-P, Bergé L and Skupin S 2006b Appl. Phys. B
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Vinçotte A and Bergé L 2005 Phys. Rev. Lett. 95 193901
Vlasov S N, Petrishchev V A and Talanov V I 1974 Radiophys. Quantum Electron. 14 1062
Vlasov S N, Piskunova L V and Talanov V I 1989 Sov. Phys.—JETP 68 1125
Vuong L T, Grow T D, Ishaaya A, Gaeta A L, ’t Hooft G W, Eliel E R and Fibich G 2006 Phys. Rev. Lett. 96 133901
Wagner N L, Gibson E A, Popmintchev T, Christov I P, Murnane M M and Kapteyn H C 2004 Phys. Rev. Lett.

93 173902
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Erratum
Ultrashort filaments of light in weakly ionized,
optically transparent media
L Bergé, S Skupin, R Nuter, J Kasparian and J-P Wolf
2007 Rep. Prog. Phys. 70 1633–1713

Due to a typesetting error, a factor 0.367 is missing in the
denominator of the collapse distance evaluated for focused
Gaussian beams from the Marburger formula [see equation
(50)]. The complete correct version of this formula is given
below:

zc = 0.367z0√(√
Pin
Pcr

− 0.852
)2

− 0.0219 + 0.367 z0
f

.
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