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Abstract

Modern laser sources nowadays deliver ultrashort light pulses reaching few cycles in duration
and peak powers exceeding several terawatt (TW). When such pulses propagate through
optically transparent media, they first self-focus in space and grow in intensity, until they
generate a tenuous plasma by photo-ionization. For free electron densities and beam intensities
below their breakdown limits, these pulses evolve as self-guided objects, resulting from
successive equilibria between the Kerr focusing process, the chromatic dispersion of the
medium and the defocusing action of the electron plasma. Discovered one decade ago, this
self-channeling mechanism reveals a new physics, widely extending the frontiers of nonlinear
optics. Implications include long-distance propagation of TW beams in the atmosphere,
supercontinuum emission, pulse shortening as well as high-order harmonic generation. This
review presents the landmarks of the 10-odd-year progress in this field. Particular emphasis
is laid on the theoretical modeling of the propagation equations, whose physical ingredients
are discussed from numerical simulations. The dynamics of single filaments created over
laboratory scales in various materials such as noble gases, liquids and dielectrics reveal new
perspectives in pulse shortening techniques. Far-field spectra provide promising diagnostics.
Attention is also paid to the multifilamentation instability of broad beams, breaking up the
energy distribution into small-scale cells along the optical path. The robustness of the resulting
filaments in adverse weathers, their large conical emission exploited for multipollutant remote
sensing, nonlinear spectroscopy and the possibility of guiding electric discharges in air are
finally addressed on the basis of experimental results.

(Some figures in this article are in colour only in the electronic version)
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Figure 1. Principle of producing femtosecond filaments in air at the laser wavelength of 800 nm.
Photograph at the right-hand side shows a transverse cut of the filament profile.

1. Introduction

Over the past two decades, ultrafast laser sources producing ultrashort pulses have come of
age. Technological advances in this field have permitted the generation of light wave-packets
comprising only a few oscillation cycles of the electric field. Mode-locking and chirped-pulse
amplification (CPA) technologies allow to access smaller and smaller pulse durations, down to
the femtosecond scale (1 fs = 10−15 s). Optical intensities locally exceed hundreds of terawatt
(TW) per cm2 at moderate (mJ) energies. Due to extreme temporal and spatial confinements,
the pulse strength exceeds that of the Coulomb field which binds electrons at their nucleus. It
becomes strong enough to overcome the Coulomb barrier and triggers optical-field ionization.

In this regime, an intriguing phenomenon was discovered by Braun et al (1995) in
the middle of the nineties. By launching infrared pulses with femtosecond durations and
gigawatt (GW) powers in the atmosphere, the beam became confined to a long-living, self-
confined tube of light capable of covering several tens of metres, i.e. many linear diffraction
lengths along the propagation axis. The mechanism supporting this ‘light bullet’ results from
the balance between Kerr focusing, which increases the local optical index with the wave
intensity and self-induced ionization. When an ultrashort pulse self-focuses and couples
with a self-induced plasma channel, its spatial profile exhibits a narrow extent along the
optical path. Spectra broaden due to self-phase modulation (SPM), which is sustained by
the mechanism of high intensity clamping. This picture classically refers to what is commonly
called a ‘femtosecond filament’. In the diffraction plane, this filament is characterized by a
white-light spot, surrounded by concentric ‘rainbows’ with colors ranging from red to green.
The high nonlinearities competing through the filamentation process produce an impressive
supercontinuum leading to white-light emission. They also affect the beam divergence through
an apparent conical emission, as illustrated in figure 1.

Femtosecond filaments have, for the last decade, opened the route to a fascinating physics.
Their highly nonlinear dynamics sparked broad interest, first because femtosecond pulses are
able to convey high intensities over spectacular distances, second because the white-light
emitted by the filaments transforms infrared lasers into ‘white-light lasers’ (Chin et al 1999b,
Kasparian et al 2003). For appropriate beam configurations, long fs filaments can be created
not only in the atmosphere but also in noble gases, liquids and dielectrics, as long as the pulse
intensity does not reach the limit of optical breakdown and the electron plasma remains at
subdense levels. The dynamical balance between nonlinear focusing and ionization can result
in a drastic shortening of the pulse duration, down to the optical cycle limit. This property
offers promising perspectives to generically deliver light waves with durations of a few fs
only, which should further impact the fields of high-order harmonic generation and sub-fs
pulse production. In solids, femtosecond filaments are used to imprint irreversible tracks and
modify the birefringence of the medium near the breakdown threshold. This opens new routes
for material micro-processing. In liquids, filaments can be self-guided over long distances,
without causing any damage. Their spectral signatures, occurring as X or O-shaped lines
in the far-field spectrum, may supply efficient diagnostics to extract information about the
nonlinear pulse dynamics. In air, femtosecond pulses with broad spatial extents create several
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filaments, whose mutual interactions support the self-guiding of the beam envelope and can
preserve a confined state over several kilometres. This recently led to the development of
ultrashort light detection and ranging (LIDAR) facilities, which exploit the white-light emitted
by these filaments, in order to detect and identify several pollutants within a single laser shot.

Many applications have been inspired by this ultrafast ‘light bullet’. Although a
couple of comprehensive reports were recently published in this field (Chin et al 2005,
Couairon and Mysyrowicz 2007), the theoretical foundations of these unique structures of
light and their universal features still deserve to be exposed, which justifies the present review.
An accurate understanding of the filamentation phenomenon requires a rigorous derivation of
the propagation equations together with basic tools for capturing the underlying physics. For
this purpose, section 2 addresses the model describing the long range propagation of ultrashort
laser pulses in any optically transparent medium. Section 3 reviews the phenomenon of wave
self-focusing and its limitation by potential players such as plasma generation, chromatic
dispersion and optical nonlinearities. Emphasis is given to semi-analytic methods providing
qualitative information about these effects. Section 4 lists the major phenomena driving
femtosecond filaments. Section 5 is devoted to pulse shortening that can be achieved by letting
femtosecond pulses ionize atom gases at appropriate pressures and to high-order harmonic
generation. Section 6 addresses different propagation regimes in condensed materials (water,
silica glasses), from the laser-induced breakdown limit to nonlinear waves self-guided with no
plasma generation and their characteristic angle-frequency spectra. Section 7 concentrates on
the atmospheric applications of the white-light supercontinuum emitted by ultrashort filaments.
Current techniques for changing their onset distance and self-channeling length are discussed,
together with the diagnostics used for plasma and optical-field measurements. Attention is
paid to novel ultrashort LIDAR-based setups and their use in remotely analyzing aerosols,
biological agents and dense targets through remote filament-induced breakdown spectroscopy.
Their ability to trigger and guide electric discharges over several metres is also discussed.
Section 8 summarizes the principal aspects of this review and presents future prospects. For
an easier reading, the abbreviations employed in this article are spelt out in appendix A.

2. Propagation equations

To start with, we derive the model describing the propagation of ultrashort optical pulses in
transparent media. Using the conventional description of nonlinear optics, straightforward
combination of the Maxwell’s equations yields (Agrawal 2001, He and Liu 1999, Shen 1984)

∇2 �E − �∇( �∇ · �E) − c−2∂2
t

�E = µ0(∂
2
t

�P + ∂t
�J ), (1a)

�∇ · �E = (ρ − �∇ · �P)/ε0, (1b)

where ε0, µ0 and c denote the electric permittivity, magnetic permeability and the speed of
light in vacuum, respectively. The optical electric field �E, the polarization vector �P , the carrier
density ρ and the current density �J are real valued. For further convenience, we introduce
standard Fourier transforms applied to the fields ( �E, �P , �J )† as

( �̂E, �̂P , �̂J )†(�r, ω) ≡ 1

2π

∫
( �E, �P , �J )†(�r, t)eiωt dt. (2)

The current density �J describes the motions of the free electrons created by ionization of the
ambient atoms, for which ion dynamics is discarded. The polarization vector �P describes the
bounded electron response driven by the laser radiation. It is usually decomposed into a linear

part �PL ≡ �P (1) related to the first-order susceptibility tensor
↔(1)
χ and a nonlinear one �PNL
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satisfying | �P (1)| � | �PNL|. For isotropic, homogeneous, nonmagnetizable media and spectral
ranges far from any material resonance, �P can be expressed as a power series in �E:

�̂P = �̂P (1)
(�r, ω) + �̂P (3)

(�r, ω) + �̂P (5)
(�r, ω) + · · · (3)

with scalar components

P̂ (j)
µ = ε0

∑
α1...αj

∫
. . .

∫
χ(j)

µα1...αj
(−ωσ ; ω1, . . . , ωj )

×Êα1(�r, ω1) . . . Êαj
(�r, ωj )δ(ω − ωσ ) dω1 . . . dωj , (4)

where ωσ = ω1 + · · · + ωj . All susceptibility tensors
↔(j)
χ with even index j vanish due

to inversion symmetry. The subscript µ indicates the field vector component in Cartesian

coordinates and the indices αj have to be summed up over x, y and z. The tensor
↔(1)
χ is

diagonal with χ(1)
µα = χ(1)δµα , so that

�̂P (1)
(�r, ω) = ε0χ

(1)(ω) �̂E(�r, ω), (5)

and the scalar dielectric function, defined by

ε(ω) = 1 + χ(1)(ω), (6)

enters the wave number of the electromagnetic field k(ω) = √
ε(ω)ω/c. Since χ(1) is complex-

valued, the dielectric function ε(ω) contains all information not only about the material
dispersion but also about the linear losses given by the imaginary part of χ(1)(ω). When
losses are negligible, ε(ω) is real and reduces to ε(ω) = n2(ω), where n(ω) here denotes the
linear refractive index of the medium, which can be described in certain frequency ranges (far
from resonances) by, e.g. a Sellmeier formula. By convention, n0 ≡ n(ω0) for the central
frequency ω0 = 2πc/λ0 of a laser operating at the wavelength λ0 and k0 ≡ k(ω0). Without
any specification, ω = 2πc/λ, w⊥ = 2π/k⊥ is the waist of the optical wave-packet in the
plane (x, y) and k⊥ is the corresponding extent in the transverse Fourier space.

2.1. Helmholtz equation

By Fourier transformation, equations (1a) and (1b) express as the Helmholtz equation

[∂2
z + k2(ω) + ∇2

⊥] �̂E = −µ0ω
2 �̂FNL + �∇( �∇ · �̂E), (7a)

�∇ · �̂E = (ε0ε)
−1(ρ̂ − �∇ · �̂P NL), (7b)

where ∇2
⊥ ≡ ∂2

x + ∂2
y stands for transverse diffraction and

�̂FNL ≡ �̂P NL + i �̂J/ω ≡ F̂ ⊗ �̂E (8)

gathers all nonlinear contributions through the function F . This function depends on �E and
can be viewed as the effective nonlinear refractive index change of the medium (⊗ is the
convolution operator). Because equations (7a) and (7b) are usually difficult to integrate in the
full space-time domain, assumptions are required to simplify them into a more tractable form.
The most fundamental of those consists of supposing that the wavefield keeps a transverse
extension always fulfilling

k2
⊥/k2(ω) 	 1, (9)

i.e. for k(ω) located around ω0, the transverse waist of the beam has dimensions larger than
the central wavelength. The second one assumes small nonlinearities:

F̂

ε0ε(ω)
	 1. (10)
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2.1.1. From vectorial to scalar description. The previous conditions make vectorial effects
negligible for, e.g. a transversally polarized light field E⊥ = (Ex, Ey). Indeed, equations (7a)
and (7b) can be combined, with the help of the continuity equation ∂tρ + �∇ · �J = 0 expressed
in Fourier variable, into the form

[∂2
z + k2(ω) + ∇2

⊥] �̂E = −µ0ω
2

[
�̂FNL +

�∇( �∇ · �̂FNL)

k2(ω)

]
. (11)

The last term scrambles nonlinear vectorial components. When we project the vectors
�E = ( �E⊥, Ez)

†, �PNL = ( �P ⊥
NL, P z

NL)†, �J = ( �J⊥, Jz)
† and �∇ = ( �∇⊥, ∂z)

† onto the transverse
and longitudinal axis, Êz is found to scale as O(k⊥/k). This follows from a direct Fourier
transform of equation (7b) for weak nonlinearities (equation (10)). Expressed in Fourier space,
the nonlinear coupling of transverse/longitudinal components described by the scrambling
term behaves as O(k2

⊥/k2) (Fibich and Ilan 2001a, 2001b, Milsted and Cantrell 1996). So
these effects become important in the limit k⊥ → k(ω) only. Conversely, if the nonlinear
compression processes are stopped before k⊥ becomes comparable with k, the last term in the
right-hand side (RHS) of (11) is close to zero and the field remains transversally polarized.
Hence, as long as the nonlinear polarization and current density preserve conditions (9) and
(10), vectorial effects can be ignored for purely optical or weakly ionized materials as well.
This property justifies the use of a scalar description for linearly polarized beams having,
e.g. Ey = 0.

2.1.2. Weak backscattering. The question of evaluating backscattering waves may be
crucial in several areas, such as remote sensing (Kasparian et al 2003, Yu et al 2001), which
spectrally analyze the photons returning towards the laser source. The amount of backscattered
photons, however, constitutes a weak percentage of those traveling in the forward direction
through a transparent medium. The reason can be seen from the scalar version of equation (11)
expressed as

D+(ω)D−(ω)Ê = −∇2
⊥Ê − µ0ω

2F̂ ⊗ Ê, (12)

where D±(ω) ≡ ∂z ∓ ik(ω). By substituting the solution Ê = Û+eik(ω)z + Û−e−ik(ω)z,
equation (12) expands as

e2ik(ω)z[∂2
z + 2ik(ω)∂z + ∇2

⊥ + µ0ω
2F̃ ]Û+ + [∂2

z − 2ik(ω)∂z + ∇2
⊥ + µ0ω

2F̃ ]Û− = 0. (13)

Here, Û+ and Û− represent the Fourier components of the forward and backward running fields,
for which we a priori assume |∂zU±| 	 |k(ω)U±| and U+ � U−. For technical convenience,
we consider F̂ = F̃ δ(ω). Following Fibich et al (2002), we can integrate equation (13) over
the interval z − π/2k � z � z + π/2k (one fast oscillation) and Taylorize Û±(z) to evaluate

2ik(ω)∂zÛ− ∼ −e2ik(ω)z

2ik(ω)
∂z[∇2

⊥ + µ0ω
2F̃ ]Û+. (14)

Since ∇2
⊥ ∼ −k2

⊥ in Fourier space, the backscattered component has a weak influence on the
beam dynamics if k2

⊥ 	 k2(ω) and as long as the longitudinal variations of the nonlinearities
remain small.

2.1.3. Unidirectional pulse propagation. Because the propagation physics is mainly brought
by the forward component, one has Û− → 0 and Ê ∼ Û+eik(ω)z. With the above
approximations, the operator D−(ω) for backscattering mainly applies to the most rapid
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variations of the field driven by the complex exponential, i.e. D−(ω)Ê ≈ 2ik(ω)Ê. The
so-called ‘forward Maxwell equation’ (FME)

∂zÊ = i

2k(ω)
∇2

⊥Ê + ik(ω)Ê +
iµ0ω

2

2k(ω)
F̂NL (15)

then naturally emerges from equation (12). The validity of this model explicitly requires
that the second-order derivative in z of the envelope function Û+ must be small compared
with |k(ω)∂zÛ+|, since D+(ω)D−(ω)Ê = eik(ω)z[∂2

z + 2ik(ω)∂z]Û+ (Geissler et al 1999,
Husakou and Herrmann 2001). This approximation, usually expressed as |∂zÛ+| 	 |k(ω)Û+|,
refers to the ‘paraxiality’ assumption. It holds if the field envelope U+ does not significantly
change over propagation distances of the order of λ, for all wavelengths under consideration.
Paraxiality is again linked to the weakness of both the ratio k⊥/k and the nonlinearities. Let
us indeed assume the nonlinear function F clamped at a maximal constant level, Fmax. The
forward component of equation (13) then reads

Û+ ∼ e
ik(ω)z

[√
1− k2⊥

k2(ω)
+ µ0ω2

k2(ω)
Fmax−1

]
. (16)

It is seen right away that this solution fits that of the paraxial model, Û+ ∼ e−i(k2
⊥−µ0ω

2Fmax)z/2k(ω),
as long as the two constraints (9) and (10) apply.

Alternatively, Kolesik et al (2002) derived a propagation model from the superposition
of electromagnetic modal fields applied to the starting Maxwell equations. The resulting
model only assumes that the nonlinear responses are mainly given by their projection onto
the forward-propagating half of the plane-wave space. Without dwelling upon details, a brief
construction of this model, known as the ‘unidirectional pulse propagation equation’ (UPPE),
can be sketched by rewriting equation (12) as

D⊥
+ (ω)D⊥

−(ω)Ê = −µ0ω
2F̂NL, (17)

with D⊥
±(ω) ≡ (∂z ∓ i

√
k2(ω) + ∇2

⊥). If we retain the forward running component Ê =
Û+ei

√
k2(ω)+∇2

⊥z constrained to the unidirectional assumption D⊥
−(ω)Ê ≈ 2i

√
k2(ω) + ∇2

⊥Ê,
the UPPE expresses in scalar form

∂zÊ = i
√

k2(ω) + ∇2
⊥Ê +

iµ0ω
2F̂NL

2
√

k2(ω) + ∇2
⊥

. (18)

Equation (18) allows to describe dc-field components (ω = 0), whereas equation (15) is strictly
limited to nonzero frequencies. Despite these minor differences, models (15) and (18) become
quite analogous when the condition k2

⊥/k2 	 1 applies. Their major advantage is to elude
the formal use of a central optical frequency and correctly describe the complete spectrum
of pulses in nonlinear regimes, even when they develop very large bandwidths. More details
about the relative accuracy of these models can be found in Kolesik and Moloney (2004a).

For practical use, it is convenient to introduce the complex version of the electric field

E = √
c1(E + E∗), E = 1√

c1

∫
�(ω)Êe−iωt dω, (19)

where c1 ≡ ω0µ0/2k0 and �(x) denotes the Heaviside function. Because E satisfies
Ê∗(ω) = Ê(−ω)∗ (∗ means complex conjugate), it is then sufficient to treat the FME model
(15) in the frequency domain ω > 0 only. The field intensity can be defined by E2 averaged
over an optical period at least, for a given central frequency ω0. This quantity usually follows
from the modulus of the time averaged Poynting vector. It is expressed in W cm−2 and with
the above normalization factor c1 it is simply given by the classical relation I = |E|2.
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2.1.4. Envelope description. When a central frequency ω0 is imposed, equation (15) restitutes
the nonlinear envelope equation (NEE), earlier derived by Brabec and Krausz (1997). We can
make use of the Taylor expansion

k(ω) = k0 + k′ω̄ + D̂, D̂ ≡
+∞∑
n�2

k(n)

n!
ω̄n, (20)

where ω̄ = ω − ω0, k′ = ∂k/∂ω|ω=ω0 and k(n) = ∂nk/∂ωn|ω=ω0 and develop equation (15) as

∂zE =
∫ [

i∇2
⊥

2k(ω)
+ i(k0 + k′ω̄ + D̂)

]
Ê(ω)e−iωt dω + i

µ0

2

∫
ω2

k(ω)
F̂NL(ω)e−iωt dω. (21)

Ê(ω) is the Fourier transform of E(t)eiω0t in ω̄, so that ω̄ corresponds to i∂t applied to the field
envelope by inverse Fourier transform. Terms with k(ω) in their denominator are expanded
up to first order in ω̄ only. Furthermore, we introduce the complex-field representation

E = Ueik0z−iω0t , (22)

involving the novel envelope function U . Next, the new time variable t → t − z/vg can
be utilized to replace the pulse into the frame moving with the group velocity vg = k′−1.
Equation (21) then restores the NEE model

(i∂z + D)U � −T −1

2k0
(∇2

⊥U) − µ0ω
2
0

2k0
√

c1
T F env

NL (U), (23)

where

D ≡
+∞∑
n�2

(k(n)/n!)(i∂t )
n, T =

(
1 +

i

ω0
∂t

)
, (24)

whenever |k0 − ω0k
′|/k0 	 1. This condition is met if the difference between group and

phase velocity relative to the latter is small, which is fulfilled in a wide range of propagation
phenomena. The operator T −1 introduces space-time focusing in front of the diffraction term
[T −1(∇2

⊥U)]. On the other hand, nonlinearities with the envelope function F env
NL (U) are also

affected by the operator T , which refers to self-steepening. For dispersion relations truncated
at finite orders n < +∞, the NEE model applies to optical fields with sufficiently narrow
spectral bandwidths. With full chromatic dispersion, it holds for describing light pulses down
to the single cycle.

2.2. Nonlinear optical responses

We henceforth assume a linearly polarized field (along, e.g. �ex) and treat nonlinear effects within
a scalar description. For centro-symmetric materials, only one relevant component of the tensor
remains in the cubic contribution P (3), e.g. χ(3) = χ(3)

xxxx (Agrawal 2001). For simplicity, we
may first consider χ(3) as keeping a constant value for a spectral domain centered around ω0.
Equation (4) then simplifies with a single component, denoted χ(3)

ω0
, and in the time domain

one finds P (3)(�r, t) = ε0χ
(3)
ω0

E3. This expression holds whenever we suppose an instantaneous
response of the medium, which ignores the contribution of molecular vibrations and rotations
to χ(3). Strictly speaking, however, the phenomenon of Raman scattering comes into play
when the laser field interacts with anisotropic molecules. This interaction can be schematized
by a three-level system built from the rotational states of a molecule. The molecular scatterer
has two rotational eigenstates, the ground state (level 1) with energy h̄�1 and an excited
one (level 2) with energy h̄�2 where h̄ = 1.06 × 10−34 Js and �m denotes the frequency
of the state m = 1, 2, 3. Far above lies an electronic (or translational) state with energy
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h̄�3 � h̄�2 − h̄�1. This molecule interacts with the laser field whose photon frequency ω0

fulfills �13, �23 � ω0 � �21, [�nm ≡ �n − �m], such that state |3〉 cannot be populated.
Because of the definite parity of these molecular states, the dipole matrix element µ12 associated
with the transition |1〉 → |2〉 via a single photon is null, so that the rotational state |2〉 can
only be excited via transition through a virtual state |3〉 [µ13 � µ23 ≡ µ �= 0]. Following this
path, a Stokes photon with energy h̄ωs = h̄ω0 − h̄�21 is emitted. The density matrix element
associated with the states |1〉 and |2〉 is found to satisfy (Peñano et al 2003)

∂tρ12 � −ρ12

τ2
− i

µ2E2

h̄2�31
e−it/τ1 , (25)

where τ1 = 1/�21 and τ2 are the rotational and dipole dephasing times. The polarization
vector PRaman = χ(1)[ρ12eiωRt + c.c.]E then provides the Raman response

PRaman = 2χ(1)µ2

�31h̄
2 E

∫ t

−∞
e− t−t ′

τ2 sin

(
t − t ′

τ1

)
E2(t ′) dt ′, (26)

which originates from nonresonant, nonlinear couplings.
Expressed in terms of the rescaled complex field E (equation (19)) and with appropriate

normalizations (Sprangle et al 2002), it completes the cubic polarization as

P (3) = 2n0n2ε0
√

c1

∫ +∞

−∞
R̄(t − t ′)|E(t ′)|2 dt ′E + 2n0n2ε0

√
c1(1 − xK)E3/3 + c.c., (27a)

R̄(t) = (1 − xK)δ(t) + xK�(t)h(t), (27b)

h(t) = τ 2
1 + τ 2

2

τ1τ
2
2

e−t/τ2 sin(t/τ1), (27c)

with the definition of the nonlinear refractive index n2 = 3χ(3)
ω0

/(4n2
0cε0). Here, contributions

in O(E3) are retained to further describe third-harmonic generation. Expression (27a) possesses
both retarded and instantaneous components in the ratio xK . The instantaneous part ∼δ(t)

describes the response from the bound electrons upon a few femtoseconds or less. The retarded
part ∼h(t) accounts for nuclear responses, in which fast oscillations in E2 give negligible
contributions, as τ1 and τ2 exceed the optical period ∼ω−1

0 .
The fraction of delayed Kerr depends on the molecular species under consideration.

For air at 800 nm, Sprangle et al (2002) chooses τ1 � 62 fs, τ2 � 77 fs and xK =
1/2. This choice is consistent with that proposed in experimental papers (Nibbering et al
1997, Ripoche et al 1997). When τ1 ∼ τ2, the function h(t) � (1/τ1)e−t/τ1 can
also be used in the ratio xK = 1/2 (Chiron et al 1999). For condensed materials,
the parameter ranges τ2/τ1 = 2–4, τ2 = 30–50 fs with xK = 0.15–0.18 have been
suggested (Agrawal 2001, Zozulya et al 1999). Values of the nonlinear Kerr index n2

can be found in the literature (Gong et al 1998, Hellwarth et al 1990, Lehmeier et al
1985, Luo et al 1995, Nibbering et al 1997). Comprised between 10−19 cm2 W−1 for
gases and 10−16 cm2 W−1 in dense media, they may, however, vary by a factor of
the order of unity, depending on the procedure used for their evaluation (polarization
spectroscopy, self- or cross-phase modulated spectra, time-resolved interferometry). They
also depend on the laser wavelength and pulse durations at which measurements are
performed.

Besides, the susceptibility tensor has nonlinear components χ(j>3) that satisfy the ordering
(Boyd 1992, Shen 1984)

P (k+2)

P (k)
= χ(k+2)

χ(k)
· Ek+2

Ek
≈ |E|2

|Eat|2 , (28)
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Figure 37. Laser control of high voltage discharges. (A) Experimental setup. (B) Free discharge
over 3 m, without laser filaments. Note the erratic path. (C) Straight discharge guided along laser
filaments (Kasparian et al 2003).

reduced by 30% (Rodriguez et al 2002). Partly guided discharges also occur in sphere-plane
gaps, yielding valuable information about the mechanism of the initiation and propagation
of laser-triggered streamers, with, e.g. plasma lifetimes of about 1 µs (Ackermann et al
2006a). Furthermore, an artificial rain does not prevent the laser filaments from triggering
such discharges (Ackermann et al 2004). Current research now focuses on the possibility of
extending the plasma lifetime, in order to increase the guiding length and improve scalability
to the atmosphere. This approach relies on re-heating and photodetaching electrons of the
plasma channel by subsequent pulses, either in the nanosecond (Rambo et al 2001) or in the
femtosecond regime (Hao et al 2005a). Although high laser powers are usually believed to
efficiently detach electrons from O−

2 ions in the plasma, it was recently demonstrated that a
subsequent Nd : YAG laser pulse of moderate energy (sub-Joule) at 532 nm efficiently supports
the triggering of discharges by an infrared, femtosecond laser (Méjean et al 2006a). This effect
was interpreted as resulting from a positive retroaction loop where Joule heating of the plasma
channel enhances photodetachment, while the resulting higher electron density boosts in turn
the Joule effect.
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8. Outlook

Femtosecond lasers opened up beam parameter ranges from which universal, robust ultrashort
filamentary structures conveying high intensities can propagate over long distances in a rich
variety of transparent media. These ‘femtosecond filaments’ are characterized by sizes of
a few tens up to hundreds of microns and can reach ultrashort FWHM durations down to
the optical cycle limit. They design new objects, which can be exploited for delivering few-
cycle pulses at very high power levels in the future. Ionization processes do not break this
property. They even amplify it by cutting the back time slices of the pulse. An accurate
control of plasma generation should push the frontiers in nonlinear optics and allow for a
precise monitoring of high-order harmonics. The basic scenario of a dynamical balance
between Kerr focusing and plasma defocusing explains the existence and the long life of
femtosecond filaments in most of the propagation configurations. This scenario must, however,
be revised at visible wavelengths in dense materials, in which chromatic dispersion and
nonlinear absorption drive the self-guiding mechanism through an important conical emission
managed by X-shaped waveforms in normally dispersive regimes. This aspect requires
more investigations. Also, propagation regimes of anomalous dispersion, which promote
temporal compression and may further improve self-compression techniques, should be
probed.

In recent years, impressive progress has been made in the understanding of the nonlinear
propagation of high power laser pulses over long distances in the atmosphere. For broad beams,
multiple filamentation becomes more and more controllable by the use of deformable mirrors
and genetic algorithms. Besides classical techniques of linear focusing and phase chirping, this
will soon enable experimentalists to optimize the propagation range of very powerful pulses.
Filaments can therefore be used to remotely deliver high intensities generating in situ nonlinear
effects. The spectrum of the white-light continuum is much broader than that expected a few
years ago, especially in the ultraviolet where the mixing between the fundamental and third
harmonic wavelengths together with the spectral amplification caused by pulse steepening
gives rise to a spectral plateau extending down to 230 nm. Progress in these areas opens the
way to applications such as remote sensing of gaseous pollutants and aerosols by LIDAR,
LIBS analysis of solid samples or the control of high voltage electric discharges and lightning
strikes. Due to its mobility, the Teramobile allowed to demonstrate the feasibility of many
of these techniques. These applications will probably be pushed forward in the future by
technological improvements involving more compact systems, diode pumping, as well as
spatial and temporal pulse shaping. Novel active media, such as ytterbium doping or optical
parametric chirped-pulse amplifiers, also open the way to new spectral regions, especially the
infrared. This spectral domain, where eye safety constraints are easier to fulfill, is nearer the
absorption region of many pollutants, such as volatile organic compounds. These more flexible
systems will be easier to operate, allowing routine uses for future industrial or atmospheric
applications.
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Appendix A. List of abbreviations

Abbreviations Meaning
4 WM four-wave mixing
ADK Ammosov, Delone, Krainov
CCD charge coupled device
CE conical emission
CPA chirped-pulse amplification
DIAL differential absorption lidar
EMP electromagnetic pulse
FME forward Maxwell equation
FWHM full width at half maximum
GVD group-velocity dispersion
HHG high harmonic generation
IR, UV infrared, ultraviolet
LIB(S) laser-induced breakdown (spectroscopy)
LIDAR light detection and ranging
M-PEF multiphoton-excited fluorescence
MI modulational instability
MPA multiphoton absorption
MPI multiphoton ionization
NEE nonlinear envelope equation
NLS nonlinear Schrödinger (equation)
PPT Perelomov, Popov, Terent’ev
R-FIBS remote filament-induced breakdown spectroscopy
SPIDER spectral phase interferometry for direct electric-field reconstruction
SPM self-phase modulation
TH third harmonic
UPPE unidirectional pulse propagation equation
VOC volatile organic compound
(X)FROG (crossed) frequency resolved optical gating
XPM cross-phase modulation
XUV extreme ultraviolet

Appendix B. Ionization rates for atoms and molecules

This appendix details different photo-ionization theories for gases and dense materials.

Appendix B.1. Ionization in gases

Appendix B.1.1. Keldysh theory. To model the generation of free electrons by an intense
light field interacting with a gas, Keldysh first derived a photo-ionization rate for atomic
systems (Keldysh 1965). Keldysh theory is limited to hydrogenoid atoms in their fundamental
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electronic state and does not consider the Coulomb interaction between the leaving electron and
the residual ion. The ionization rate of an atom irradiated by a laser field �E(t) = �Ep cos(ωt)

is evaluated by

W = q2
e

h̄2 lim
t→∞

∫
d �p

(2πh̄)3

d

dt

∣∣∣∣∫ t

0
dt ′ cos(ωt ′)〈� �p(�r, t ′)|�r · �Ep|�g(�r, t ′)〉

∣∣∣∣2

, (B1)

where qe is the electron charge and the ground state of the hydrogenlike atom, characterized
by the energy Eg = −Ui (ionization potential), is

�g(�r, t) = 1√
πa3

e− r
a e− i

h̄
Egt . (B2)

Here, a = aB/Z includes the Bohr radius aB of hydrogen. The continuum electronic states
are described with the Volkov functions

� �p(�r, t) = e
i
h̄

[( �p+qe �A(t))·�r− 1
2me

∫ t

0 dt ′[ �p+qe �A(t ′)]2], (B3)

where �A(t) is the vector potential of the laser field. Insertion of (B2) and (B3) into equation (B1)
and integration over the spatial coordinates result in the expression

W = 2

h̄2 lim
t→∞ Re

[∫
d �p

(2πh̄)3
×

∫ t

0
dt ′ cos(ωt) cos(ωt ′)L( �p, t ′)L∗( �p, t)

]
, (B4)

where ∗ means complex conjugate and

L( �p, t) = V0

[
�p − qe

ω
�Ep sin(ωt)

]
e

i
h̄

{
Uit+ 1

2me

∫ t

0 dt ′
[
�p− qe

ω
�Ep sin(ωt ′)

]2
}
, (B5a)

V0( �p) = −i8qe

√
πa3h̄ �Ep · �∇ �p

 1(
1 +

a2p2

h̄2

)2

 . (B5b)

The function L( �p, t) is periodic, with period equal to T = 2π/ω. It can then be decomposed
into Fourier series. Plugging this series into equation (B4) leads to

W = 2π

h̄

∫
d �p

(2πh̄)3
|L( �p)|2

+∞∑
n=−∞

δ

(
Ui +

p2

2me
+

q2
e E2

p

4meω2
− nh̄ω

)
, (B6)

with

L( �p) = 16iqe

√
πa7

h̄π
U 3

i

∫ 1

−1
du

�Ep ·
(

�p − qe

ω
�Epu

)
[
Ui +

1

2me

(
�p − qe

ω
�Epu

)2
]3

×e
i

h̄ω

∫ u

0
dv√
1−v2

[
Ui+ 1

2me ( �p− qe
ω

�Epv)
2
]
. (B7)

Assuming that the electron leaves the atom with a small kinetic energy ( p2

2me
	 Ui), the poles

in the denominator of L( �p) are written as

u±
s = iγ

[
±1 + i

p cos(θ)√
2meUi

± p2 sin2(θ)

2meUi

]
, (B8)

where θ is the angle between the impulsion vector �p and the electric field �E(t).
γ = ω

√
2meUi/(|qe|Ep) is the adiabaticity Keldysh parameter. It involves the ratio of the
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ionization potential over the ponderomotive energy Up ≡ q2
e E2

p/4meω
2. By means of the

saddle point method and the residue theorem, equation (B7) is next integrated to yield

W = 4
√

2ω

√
Ui

h̄ω

[
γ√

1 + γ 2

] 3
2

e
− 2Ũi

h̄ω

[
sinh−1(γ )− γ

√
1+γ 2

1+2γ 2

]
S

(
γ,

Ũi

h̄ω

)
, (B9)

where Ũi ≡ Ui + Up and S(γ, x) is defined by

S(γ, x) =
+∞∑
n=0

e
−2

[
sinh−1(γ )− γ√

1+γ 2

]
(〈x+1〉−x+n)

∫ √
2γ√
1+γ 2

(〈x+1〉−x+n)

0
e
y2− 2γ√

1+γ 2
(〈x+1〉−x+n)

dy.

(B10)

To take electron–ion correlation into account, Keldysh eventually multiplies the ionization rate
by the factor (Ui/h̄ω)γ /

√
1 + γ 2. Expressed in atomic units (a.u.) me = |qe| = h̄ = aB = 1

(Bransden and Joachain 2003), the resulting ionization rate expresses

W = 2
√

2

(
2E0

Ep

√
1 + γ 2

) 1
2

e
−2ν

[
sinh−1(γ )− γ

√
1+γ 2

1+2γ 2

]
Ui

γ 2

1 + γ 2

+∞∑
κ�ν0

e−α(κ−ν)�0(
√

β(κ − ν)),

(B11)

where E0 = (2Ui)
3/2, γ = ω

√
2Ui/Ep, ν = Ũi/[h̄ω]a.u., β = 2γ /

√
1 + γ 2, α =

2[sinh−1(γ ) − γ /
√

1 + γ 2], ν0 =< ν + 1 > and �m(x) = e−x2 ∫ x

0 (x2 − y2)|m|ey2
dy.

Equation (B11) differs from the original Keldysh formulation by a factor of 4, originating
from a corrected version of the residue theorem.

This theory was the first one able to describe atom ionization by an alternating field in the
low intensity regime (γ � 1) as well as in the high intensity regime (γ 	 1). The former
regime refers to multiphoton ionization (MPI), through which the electron is freed as the atom
absorbs K = 〈Ui/(h̄ω) + 1〉 photons. The latter one corresponds to the tunnel regime, for
which the electron leaves the ion by passing through the Coulomb barrier. In MPI regime, the
ionization rate is obtained by taking the limit γ → +∞ in equation (B11), which reduces to

W = σ (K) × IK, (B12)

where I is the laser intensity and σ (K) is the photo-ionization cross-section

σ (K) = 4
√

2ω

(
Ui

[h̄ω]a.u.

)2K+3/2 e2K−Ui/[h̄ω]a.u.

E2K
0

�0

(√
2K − 2Ui

[h̄ω]a.u.

)
. (B13)

Expressed in s−1 cm2K /WK , the above ‘cross-section’ parameter must be converted as σ (K) →
σK ≡ σ (K)[a.u.]/[2.42 × 10−17 × (3.51 × 1016)K ].

Appendix B.1.2. The PPT theory. Later, Perelomov et al (1966, 1967) developed a more
accurate model. First, they included the Coulomb interaction between the ion and the electron,
when the latter leaves the atomic core. Second, they considered any atomic bound states as
initial. The resulting rate is then

W = 4
√

2

π
|Cn∗,l∗ |2

(
2E0

Ep

√
1 + γ 2

)2n∗− 3
2 −|m|

f (l, m)

|m|! e
−2ν

[
sinh−1(γ )− γ

√
1+γ 2

1+2γ 2

]

×Ui
γ 2

1 + γ 2

+∞∑
κ�ν0

e−α(κ−ν)�m(
√

β(κ − ν)), (B14)
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where n∗ = Z/
√

2Ui is the effective quantum number, Z is the residual ion charge, l∗ = n∗−1
and n, l, m are the principal quantum number, the orbital momentum and the magnetic quantum
number, respectively. The factors |Cn∗,l∗ | and f (l, m) are

|Cn∗,l∗ |2 = 22n∗

n∗�(n∗ + l∗ + 1)�(n∗ − l∗)
, (B15a)

f (l, m) = (2l + 1)(l + |m|)!
2|m||m|! (l − |m|)! . (B15b)

Even if equation (B14) is usually presented as the PPT formula, the coefficients |Cn∗,l∗ | are
in fact extracted from the tunneling theory derived by Ammosov et al (1986). Differences
between PPT and ADK coefficients essentially lie in the fact that ADK theory employs electron
wavefunctions in a Coulomb potential (Volkov states), which are connected by continuity with
the continuum states at large distances (r � 1/

√
2Ui).

Appendix B.1.3. The ADK molecular theory. The PPT rate (equation (B14)) holds to describe
photo-ionization of atoms. It can lead to some discrepancy when it is applied to molecular
systems, because the coefficients |Cn∗,l∗ |, originally evaluated from atomic wavefunctions,
cannot reproduce molecular peculiarities, such as, for example, the suppression of ionization
observed from the molecule O2 (DeWitt et al 2001). To overcome such limitations, we may
extend the molecular tunneling theory by Tong et al (2002) by plugging molecular coefficients
into the tunnel limit of the PPT formula and prolonging the latter to low intensity MPI regimes
analytically. By doing so, equation (B14) is able to describe molecule ionization after the
substitution

|Cn∗,l∗ |2f (l, m) →
[∑

l

Cl

(2Ui)(n
∗/2)+(1/4)

√
(2l + 1)(l + |m|)!
2|m||m|!(l − |m|)!

]2

, (B16)

where the coefficients Cl have been established for different molecules. For dioxygen,
C2 = 0.683 and C4 = 0.033 while C1=C3=0, and m = 1 (Tong et al 2002).

Appendix B.2. Ionization in dense media

Plasma generation in dense media is described with the rate for crystals developed by Keldysh
(1965). Its analytical evaluation is identical to that applying to atoms, except that the initial
states are now modeled by Bloch wave functions. Following a similar procedure, the ionization
rate for crystals with energy gap Eg irradiated by an electromagnetic field Ep cos(ωt) is

W = 2ω

9π

(√
1 + γ 2

γ

m∗ω
h̄

) 3
2

Q

(
γ,

�̃

h̄ω

)
e
−π

〈
�̃
h̄ω

+1
〉
×

 K̄
(

γ 2

1+γ 2

)
−Ē

(
γ 2

1+γ 2

)
Ē
(

1
1+γ 2

) 
(B17)
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with γ = ω
√

m∗Eg/(|qe|Ep), m∗−1 = me
−1 + mh

−1,

Ẽg = 2

π
Eg

√
1 + γ 2

γ
Ē

(
1

1 + γ 2

)
, (B18a)

Q(γ, x) =
√√√√ π

2K̄
(

1
1+γ 2

) ×
+∞∑
n=0

e
−πn

 K̄
(

γ 2

1+γ 2

)
−Ē

(
γ 2

1+γ 2

)
Ē
(

1
1+γ 2

) 

×�0


√√√√√π2

4

2〈x + 1〉 − 2x + n

K̄
(

1

1 + γ 2

)
Ē

(
1

1 + γ 2

)
 . (B18b)

Here, the functions K̄(x) ≡ ∫ π/2
0 (1 − x sin2 θ)−1/2 dθ and Ē(x) ≡ ∫ π/2

0 (1 − x sin2 θ)1/2 dθ

are the complete elliptic integrals of the first and second kind (Abramovitz and Stegun 1972)
and m∗ is the reduced mass for the electron/hole pair. The above equation corrects a slip of
pen in the original Keldysh’s formula. Whereas W for gas (equation (B11)) is expressed per
time unit, W for condensed media (equation (B17)) is expressed per time unit and per cubic
metre. This ionization rate reduces at low intensities to its multiphoton limit (γ → +∞) taking
the form

W = σ (K) × IK, (B19)

where

σ (K) = 2ω

9π

(
m∗ω
h̄

) 3
2

�0

(√
2

(
K − Eg

h̄ω

))
e2K

(
q2

e

8m∗ω2Egε0cn0

)K

. (B20)

Appendix C. Atomic dipole for high harmonic generation

The nonlinear polarization vector �PNL(�r, t) used to describe HHG in gases is expressed as

�PNL(�r, t) = ρnt �d(�r, t), (C1)

where �d(�r, t) is the time-dependent atomic dipole calculated by Lewenstein et al (1994). For
a single electron interacting with a linearly polarized laser field �E(t) = Epx̂ cos(ωt), the
atomic dipole is defined by

�d(�r, t) = qe〈ψ(�r, t)|�r|ψ(�r, t)〉. (C2)

Solving the time-dependent Schrödinger equation, ψ(�r, t) denotes the electronic wavefunction

|ψ(�r, t)〉 = ei Ui t
h̄ ×

[
|0〉 +

∫
d3v b(�v, t) |v〉

]
, (C3)

where Ui is the ionization potential of the atom, |0〉 is the ground state and b(�v, t) is the
amplitude of the continuum states |v〉, respectively. In equation (C3), several assumptions
have been made, which limits the validity domain of this theory.

• All excited electronic states are ignored, reducing the model to harmonic orders 2K + 1 �
Ui
h̄ω

.
• The depletion of the ground state is neglected such that the ground state amplitude is equal

to 1.
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• Electrons in the continuum are treated as free particles moving in an oscillating laser field,
with no Coulomb potential. This assumption is valid when the ponderomotive energy Up

is higher than Ui.

Inserting (C3) into equation (C2), we obtain

�d(t) = i
q2

e Epx̂

h̄ω

∫ ωt

0
d(ωt ′) cos(ωt ′)

∫
d3p d∗

x[ �p + qe �A(t)]

×e−i S( �p,t,t ′)
h̄ω × dx[ �p + qe �A(t ′)] + c.c., (C4)

where �d( �p + qe �A(t)) is the field-free dipole transition matrix element between the ground
state and the continuum state characterized by the momentum �v = �p + qe �A(t). Here, �p is the
canonical momentum and �A(t) is the vector potential of the laser field [ �E(t) = −∂ �A(t)/∂t].
Its formulation for transition from state |1s〉 is

�d( �p) = −ih̄
27/2

π
(2meUi)

5/4 �p
( �p2 + 2meUi)3

, (C5)

where me is the electron mass. S( �p, t, t ′) is the quasi-classical action describing the motion
of an electron freely moving in the laser field with constant momentum �p as

S( �p, t, t ′) =
∫ ωt

ωt ′

{
Ui +

[ �p + qe �A(t ′′)]2

2me

}
d(ωt ′′). (C6)

The harmonic amplitude �d2K+1 follows from Fourier transforming the time-dependent dipole
moment �d(t)

�d2K+1 = 1

T

∫ T

0

�d(t) ei(2K+1)ωt dt. (C7)

For isotropic media, only odd harmonics are produced. The dominant contributions to �d2K+1

come from the stationary points of the Legendre-transformed quasi-classical action, for which
the derivatives of S( �p, t, t ′)− (2K + 1)h̄ω ×ωt with respect to �p, t and t ′ vanish. Introducing
the returning time τ = t − t ′, the saddle point equations read

�∇�pS = �pstωτ + qe

∫ ωt

ω(t−τ)

�A(t ′′) d(ωt ′′) = 0 (C8a)

∂S

∂(ωτ)
= Ui +

[ �pst + qe �A(t − τ)]2

2me
= 0 (C8b)

∂S

∂(ωt)
= [ �pst + qe �A(t)]2

2me
− [ �pst + qe �A(t − τ)]2

2me
= (2K + 1)h̄ω. (C8c)

Equation (C8a) reduces to �∇�pS( �p, t, t ′) = �x(t) − �x(t ′) = �0, where �x(t) ≡ ∫ t

0 v(t ′) dt ′. This
relation imposes that the electron trajectories return at time t to the same point they left at the
time t ′ of ionization. Using equations (C8b) and (C8c) together with the Fourier expansion
of [( �pst + qe �A(t − τ))2/(meh̄ω) + 2Ui/(h̄ω)]−3 yields the final expression for the Fourier



Ultrashort filaments of light in weakly ionized, optically transparent media 1705

Figure 38. Three-dimensional view of the Teramobile. (L): Laser system: Ti : Sa oscillator and its
Nd : YAG pump laser (L1), stretcher (L2), regenerative amplifier, multipass preamplifier (L3) and
their Nd : YAG pump laser (L4); Multipass main amplifier (L5) pumped by two Nd : YAG units (L6);
Compressor (L7). (S) Beam expanding system; (C) power supplies; (D) LIDAR detection system.

component of the dipole, i.e.

�d2K+1 = −i
qe

(
Up

h̄ω

) 3
2 32h̄

π2

(
2Ui

h̄ω

) 5
2

(2K + 1)3
√

meh̄ω

∞∑
M=−∞

∫ +∞

0
d�

[
π

ε + i �
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(
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(
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)
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(
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)
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(
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h̄ω

) }
, (C9)

where FK(x) = (Ui + Up − Kh̄ω)x − 2Up[1 − cos(x)]/x, B(x) = − 1
2 + sin(x)/x −

2 sin2(x/2)/x2 and D(x) = −2B(x) − 1 + cos(x). Jj (·) refers to the Bessel function of
j th order. The function bM(�) has a cumbersome expression, whose analytical methods to
compute it can be found in (Antoine et al 1996).

Appendix D. The Teramobile laser

Field experiments are required to characterize the filamentation over long distances as well
as to develop atmospheric applications in real scale. Such experiments demand mobility to
perform investigations at adequate locations. Studies of high power fs laser beam propagation
over km-range distances can only be performed outdoors, where relevant aerosol pollutants are
present, e.g. in urban areas or at industrial sites. Laser-induced lightning investigations require
spots where the lightning probability is high, as well as test experiments at high voltage
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facilities. These considerations clearly define the need for a mobile fs-TW laser system,
embedded in a standard freight container-integrated laboratory equipped with the necessary
LIDAR detection, power and cooling supplies, temperature stabilization, vibration control,
and an additional standard LIDAR system to assure eye safety. These specifications were
first achieved by the Teramobile system (Wille et al 2002). The laser itself is based on a
Ti : sapphire CPA oscillator and a Nd : YAG pumped Ti : Sa amplification chain. It provides
350 mJ pulses with 70 fs duration resulting in a peak power of 5 TW at around 800 nm and with
a repetition rate of 10 Hz. Its integration in the reduced space of the mobile laboratory required
a particularly compact design (figure 38). The classical compressor setup has been improved
into a chirp generator to pre-compensate the group velocity dispersion in air. Combined with
an adjustable focus, this permits control of the location of filamentation onset and its length.
Mechanical and thermal stabilities of the mobile laboratory are kept under control, so that
the Teramobile can be transported to any place in the world and operated even under adverse
weather conditions.

The Teramobile container also includes a LIDAR detection chain based on a 40 cm
receiving telescope, a high-resolution spectrometer equipped with a set of gratings and detectors
allowing simultaneous temporal and spectral analysis of the return signal in a wavelength range
from 190 nm to 2.5 µm.
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Bergé L and Couairon A 2000 Phys. Plasmas 7 210

http://dx.doi.org/10.1063/1.1829165
http://dx.doi.org/10.1007/s00340-005-2061-5
http://dx.doi.org/10.1364/OL.31.000086
http://dx.doi.org/10.1103/PhysRevLett.42.1127
http://dx.doi.org/10.1016/S0030-4018(01)01113-0
http://dx.doi.org/10.1103/PhysRevLett.89.143901
http://dx.doi.org/10.1007/s00340-003-1199-2
http://dx.doi.org/10.1088/1367-2630/8/9/177
http://dx.doi.org/10.1007/s00339-002-1815-8
http://dx.doi.org/10.1063/1.1753051
http://dx.doi.org/10.1364/OL.30.001503
http://dx.doi.org/10.1103/PhysRevLett.24.584
http://dx.doi.org/10.1063/1.862445
http://dx.doi.org/10.1103/PhysRevA.27.1393
http://dx.doi.org/10.1007/s002160000656
http://dx.doi.org/10.1103/PhysRevA.53.1725
http://dx.doi.org/10.1103/PhysRevE.72.026605
http://dx.doi.org/10.1103/PhysRevA.49.R3170
http://dx.doi.org/10.1103/PhysRevLett.73.1990
http://dx.doi.org/10.1063/1.2187107
http://dx.doi.org/10.1063/1.2722564
http://dx.doi.org/10.1016/S0370-1573(97)00092-6
http://dx.doi.org/10.1103/PhysRevE.69.065601
http://dx.doi.org/10.1063/1.873816


Ultrashort filaments of light in weakly ionized, optically transparent media 1707
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Champeaux S and Bergé L 2005 Phys. Rev. E 71 046604
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Fraǐman G M 1985 Sov. Phys.—JETP 61 228
Fujii T and Fukuchi T (ed) 2005 Femtosecond White-Light Lidar (New York: Dekker)
Gaeta A L 2000 Phys. Rev. Lett. 84 3582
Gaeta A L and Wise F 2001 Phys. Rev. Lett. 87 229401
Gatz S and Herrmann J 1997 J. Opt. Soc. Am. B 14 1795
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Porras M A, Dubietis A, Kučinskas E, Bragheri F, Degiorgio V, Couairon A, Faccio D and Di Trapani P 2005 Opt.

Lett. 30 3398
Porras M A, Parola A, Faccio D, Dubietis A and Di Trapani P 2004 Phys. Rev. Lett. 93 153902
Quigora-Teixeiro M and Michinel H 1997 J. Opt. Soc. Am. B 14 2004
Rae S C and Burnett K 1992 Phys. Rev. A 46 1084
Rairoux et al 2000 Appl. Phys. B 71 573
Rambo P, Schwartz J and Diels J-C 2001 J. Opt. A: Pure Appl. Opt. 3 146
Ranka J K and Gaeta A L 1998 Opt. Lett. 23 534
Rasmussen J J and Rypdal K 1986 Phys. Scr. 33 481
Rayner D M, Naumov A and Corkum P B 2005 Opt. Express 13 3208
Reiss H R 1980 Phys. Rev. A 22 1786

http://dx.doi.org/10.1007/s00340-004-1466-x
http://dx.doi.org/10.1103/PhysRevE.72.026611
http://dx.doi.org/10.1364/JOSAB.20.000105
http://dx.doi.org/10.1088/1464-4266/3/5/305
http://dx.doi.org/10.1088/0022-3727/26/8/014
http://dx.doi.org/10.1103/PhysRevA.53.3536
http://dx.doi.org/10.1103/PhysRevLett.83.2938
http://dx.doi.org/10.1103/PhysRevE.58.4903
http://dx.doi.org/10.1364/OL.29.000995
http://dx.doi.org/10.1103/PhysRevLett.90.203902
http://dx.doi.org/10.1103/PhysRevLett.85.2280
http://dx.doi.org/10.1117/12.185050
http://dx.doi.org/10.1007/s003400050263
http://dx.doi.org/10.1109/2944.686749
http://dx.doi.org/10.1109/3.777215
http://dx.doi.org/10.1103/PhysRevA.66.023811
http://dx.doi.org/10.1364/JOSAB.23.000874
http://dx.doi.org/10.1364/OL.30.000917
http://dx.doi.org/10.1364/OL.31.003471
http://dx.doi.org/10.1103/PhysRevE.72.036412
http://dx.doi.org/10.1063/1.1648020
http://dx.doi.org/10.1103/PhysRevE.68.056502
http://dx.doi.org/10.1063/1.1342230
http://dx.doi.org/10.1103/PhysRevA.37.747
http://dx.doi.org/10.1103/PhysRevLett.60.1270
http://dx.doi.org/10.1016/S0030-4018(00)00494-6
http://dx.doi.org/10.1088/0034-4885/69/2/R04
http://dx.doi.org/10.1103/PhysRevE.73.056612
http://dx.doi.org/10.1103/PhysRevE.69.066606
http://dx.doi.org/10.1364/OL.30.003398
http://dx.doi.org/10.1103/PhysRevLett.93.153902
http://dx.doi.org/10.1103/PhysRevA.46.1084
http://dx.doi.org/10.1007/s003400000375
http://dx.doi.org/10.1088/1464-4258/3/2/309
http://dx.doi.org/10.1088/0031-8949/33/6/001
http://dx.doi.org/10.1364/OPEX.13.003208
http://dx.doi.org/10.1103/PhysRevA.22.1786


1712 L Bergé et al
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Erratum
Ultrashort filaments of light in weakly ionized,
optically transparent media
L Bergé, S Skupin, R Nuter, J Kasparian and J-P Wolf
2007 Rep. Prog. Phys. 70 1633–1713

Due to a typesetting error, a factor 0.367 is missing in the
denominator of the collapse distance evaluated for focused
Gaussian beams from the Marburger formula [see equation
(50)]. The complete correct version of this formula is given
below:

zc = 0.367z0√(√
Pin
Pcr

− 0.852
)2

− 0.0219 + 0.367 z0
f

.
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